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A B S T R A C T This paper presents a damage mechanics method applied successfully to assess fatigue life

of notched specimens with plastic deformation at the notch tip. A damage-coupled
elasto-plastic constitutive model is employed in which nonlinear kinematic hardening is
considered. The accumulated damage is described by a stress-based damage model and
a plastic strain-based damage model, which depend on the cyclic stress and accumulated
plastic strain, respectively. A three-dimensional ﬁnite element implementation of these
models is developed to predict the crack initiation life of notched specimens. Two cases,
a notched plate under tension-compression loadings and an SAE notched shaft under
bending-torsion loadings including non-proportional loadings, are studied and the predicted results are compared with experimental data.
Keywords continuum damage mechanics; cyclic plasticity; elasto-plastic; fatigue damage;
fatigue life; notched specimens.

D
D
S
SD

= tensor damage variable
= scalar damage variable
= section area of the representative volume element
= total area of micro-cracks or micro-voids in the representative volume
element
SR = effective area of resistance in the representative volume element
e
σ = effective stress
σ = stress with damage
ε = strain
εeij = elastic strain
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Ck, γk, b, Q∞ =
Dp =
σ max =
S, m =
De =
AII =
σ H,mean =
σ eq,max =
σ l0 =
E
v
α
Q
p_
λ_

initial elastic modulus
Poisson’s ratio
backstress
size of yield surface
accumulated plastic strain rate
plastic multiplier
parameters of constitutive model
plastic damage
maximum value of the damage equivalent stress
parameters of plastic strain-based damage model
elastic damage
amplitude of the octahedral shear stress
mean value of the hydrostatic stress
maximum equivalent stress
fatigue limit
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ultimate tensile stress
parameters of stress-based damage model
initial yield stress
fatigue ductility coefﬁcient
fatigue ductility exponent

INTRODUCTION

Failure of machine components due to fatigue is of major
concern in most engineering applications. The existence
of a notch can lead to premature failure because of the
concentration of stress. Experimental data of the high cycle fatigue (HCF) of notched specimens reveal the notch
effect described by the fatigue notch factor Kf.1 In some
cases, stress at the notch tip exceeds the yield limit and
plastic deformation occurs during the fatigue experiment,
although the applied nominal stress is still below the yield
limit. This study focuses on the prediction of fatigue life
of notched specimens in these cases.
Two aspects about the fatigue life prediction of
notched specimens are the stress analysis and the fatigue
analysis, both of which were widely investigated in the
last several decades. The stress analysis is to determine
the local stress–strain history under the fatigue cyclic
loading by the approximate method or the ﬁnite element
(FE) method, as inputs to the fatigue analysis. The famous approximate methods are Neuber’s rule2 and subsequent equivalent strain energy density (ESED)
method proposed by Glinka et al.3 Ye et al.4 developed a
uniﬁed expression of elasto-plastic notch stress–strain
calculation, of which Neuber’s rule and the ESED
method become two particular cases. By incorporating a
cyclic plasticity model, the incremental form of the approximate method can achieve estimates with reasonable
accuracy under complex external loading. Ince et al.5
combined the ESED method and the Mroz plasticity
model6 to compute elasto-plastic stress–strain responses
for notched components under non-proportional loading. However, due to the limitations of the approximate
method, the FE method is inevitably employed to calculate the notch tip deformation. The FE analysis combined with cyclic plasticity model can provide
reasonable local stress–strain for a notched member.
Gao7 compared the stress–strain results obtained by two
approximate methods and the FE method for a notched
shaft, and the results indicated the FE method associated
with the cyclic plasticity model developed by Jiang and
Sehitoglu8,9 gave more accurate predictions for local
deformations.
Numerous methods have been employed for the fatigue analysis of mechanical components. The direct
use of stress or strain versus number of cycles to failure
curves is the typical method for fatigue life prediction,

which is convenient but conﬁned to the application for
some simple cases. The more sophisticated fatigue damage parameters, which can be stress, strain or energy,10
are widely used to calculate fatigue life in the critical
plane method for multiaxial fatigue. For example, the
shear-stress range,11 Smith–Watson–Topper12,13 and
Fatemi–Sociee14,15 parameters have been studied for
plain fatigue and fretting fatigue. There are two detailed
procedures, local and non-local, for life prediction. Their
use depends on whether the fatigue damage parameter is
averaged over a line, an area or a volume. The local procedure calculates the local fatigue damage parameter and
works well for unnotched specimens where the phenomenon of stress concentration does not occur. On the
other hand, the non-local procedure can be used to address the fatigue life prediction of notched specimens.
Krzyzak et al.16 presented computational results using
the non-local fatigue method, together with the volumetric approach, in which the energy parameter has been
used to predict the fatigue life of notched elements. A
uniﬁed fatigue criterion based on the critical plane concept was proposed by Jiang17 for the analysis of fatigue
crack initiation and growth. By using the criterion, the fatigue crack growth at the notch tip was investigated in the
works of Jiang et al.18,19 and Gao et al.,20 in which the
elasto-plastic stress–strain response was calculated by
the robust cyclic plasticity model developed by Jiang
and Sehitoglu.8,9 Although the critical plane approaches
mentioned earlier have gained widespread use, numbers
of empirical fatigue damage parameters are employed,
which reveals little about the characteristics of fatigue
damage evolution.
The damage mechanics approach has been introduced
to fatigue initiation problem, and it investigates the evolution of internal damage before macro-cracks become
visible. The approach considers the mechanical behavior
of a deteriorated medium on the macroscopic scale and
evaluates progressive damage accumulated in the material
until the damage reaches a critical value. Damage evolution law derived from thermodynamics is combined with
a damage-coupled constitutive model of the material to
simulate the evolution of the material damage. Xiao
et al.21 presented a continuum damage mechanics model
for HCF and obtained good agreement between the predicted life and the experimental data. Marmi et al.22 used
an uncoupled damage mechanics approach with a nonlocal procedure to predict the fatigue life of tensile
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samples with notches. Zhang et al.23 developed a coupled
damage mechanics approach in conjunction with FE
analysis to predict plain and fretting fatigue life, and the
results were compared with the critical plane method.
The coupled damage mechanics approach is capable of
capturing the material degradation, stress redistribution
and the resulting effects on fatigue life. However, the effect of plasticity on the damage evolution has not been
considered in the literature.21–23
To address the effect of plasticity in the framework of
continuum damage mechanics, the damage-coupled
elasto-plastic constitutive model is employed in this
study, which incorporates the damage variable into the
constitutive equations and therefore introduces a more
rigorous description of the loss of load-carrying capacity.
Voyiadjis and Kattan24,25 proposed a coupled theory of
anisotropic damage and ﬁnite strain plasticity in the
Eulerian reference system and applied the model to the
problem of ﬁnite simple shear. Voyiadjis et al.26,27 incorporated the stress invariants into the coupled elastoplastic constitutive model to investigate the ductile fracture. Kang et al.28 used the damage-coupled visco-plastic
constitutive model to study the uniaxial ratcheting and fatigue failure of tempered 42CrMo steel. Besides, it is also
necessary to consider the effect of plasticity on the fatigue
damage model. A simple damage model considering
plastic strain is proposed by Lemaitre and Desmorat,29
to address the low-cycle fatigue problem and is employed
in this study.
The present work is concerned with fatigue crack initiation of notched specimens in the case that plastic deformation occurs at the notch tip. The effect of plasticity at
the notch tip is considered in the continuum damage mechanics approach. Damage-coupled elasto-plastic constitutive model is employed to calculate the stress and
strain of the damaged material. Two different fatigue
damage models, a stress-based damage model and a plastic
strain-based damage model, are adopted to calculate the
damage increment induced by cyclic stress and accumulated plastic strain. The numerical implementation of
these models is developed with the commercially available
ABAQUS FE software to simulate the progressive damage accumulation of the material. Two cases, a notched
plate under tension-compression loadings and an SAE
notched shaft under bending-torsion loadings including
non-proportional loadings, are studied by using the damage mechanics approach. The predicted results are compared with the experimental data.

deﬁned as a measurement of micro-cracks and microvoids in the material. Following this work, continuum
damage mechanics was extended to model fatigue, creep
and ductile plastic damage. Lemaitre and Chaboche31
presented some fundamental concepts in continuum
damage mechanics, which are brieﬂy described in this
section for completeness.
Damage variable
Damage in its mechanical sense is the creation and
growth of micro-cracks and/or micro-voids, which are
discontinuities in a medium that is considered continuous
at a larger scale. In engineering, the mechanics of continuous media can be described by a representative volume
element in which all properties are represented by homogenized variables, as shown in Fig. 1.32 The damage
variable D associated with the direction of the normal
vector n→ is deﬁned as
Dn ¼

SD
S

(1)

where S is the area of a section of the RVE identiﬁed
by its normal vector and SD is the total area of
micro-cracks or micro-voids, which constitute the damage. In this work, isotropic damage is assumed, in
which case the damage tensor D is reduced to a scalar
variable D
D¼

S  SR
S

(2)

THEORETICAL MODELS

Continuum damage mechanics was originally established
by Kachanov.30 A continuous damage variable was

Fig. 1 Representative volume element.32
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where SR represents the effective area of resistance,
σ is introSR = S  SD = (1  D)S. The effective stress e
duced to describe stress over the section, which effectively resists the forces
P
P
σ
¼
(3)
e
σ¼
¼
SR ð1  DÞS 1  D
where P is the total load acting on the section with the
area of S. The variable σ is the stress for the damaged
material. Different deﬁnitions of damage can be found
in the works of Voyiadjis et al.,33,34 and the same equation as Eq. (3) is deduced based on the hypothesis of
strain equivalence. Damage in the material is accumulated with increasing loading cycles. The initiation of
macro-cracks takes place once the damage reaches a
critical value. In this study, not all of the material in
the notch section experiences plastic behavior. The critical value of accumulated damage is deﬁned to be 1. At that
moment, the effective area of resistance, SR, reduces to
zero and the effective stress e
σ tends to inﬁnity, which signals the initiation of macro-cracks.
The direct measurement of damage as the surface
density of micro-cracks and/or micro-voids is difﬁcult
to perform, from a microscopic point of view. It is easier to measure damage by a macroscopic method.
When plastic strain occurs, damage can be represented
by the decrease of unloading elastic modulus after each
cycle. Therefore, damage value is calculated by the
unloading elastic modulus and the initial elastic modulus. However, this method is valid for uniform damage
such as smooth specimen in the low-cycle fatigue. For
notched specimen, damage is localized at the notch
tip, and it is difﬁcult to obtain the value of damage at
the notch tip.

equivalence, the strains of undamaged material are the
same with that of the damaged material.
• The elasticity law with damage is expressed as follows


1 þ v  σ ij  v σ kk δij
e

(5)
εij ¼
E
E 1D
1D
where E and v are the elastic modulus and Poisson’s
ratio of the undamaged material, respectively. The
variable σ ij is the Cauchy stress of the damaged
material.
• The yield function and plastic ﬂow with damage is
given as follows
 σ

ij
 αij
Q
(6)
F¼
1D
eq
p
ε_ ij

 σij

∂F
3 λ_
1D  αij dev
_
σ

¼λ
¼
kl
∂σ ij 2 1  D 1D
 αkl eq

p_ ¼

• The decomposition of total strain for small elastic
strains
p

εij ¼ εeij þ εij

(4)
p

where εeij and εij are the elastic strain and plastic strain, respectively. On the basis of the hypothesis of strain

rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2 p p
λ_
ε_ ij ε_ ij ¼
3
1D

(7)

(8)

The subscript ‘dev’ and ‘eq’ represent the deviatoric
part of the stress and the Von Mises equivalent stress,
respectively. The term αij is the deviatoric part of back
stress, Q represents the size of the yield surface, λ_ is the
plastic multiplier and p_ is the accumulated plastic strain
rate.
• The hardening law with damage is expressed as follows
_ ¼ ð1  DÞp_ bðQ∞  QÞ
Q
(9)
M

ðkÞ

αij ¼ ∑ αij

(10)

k¼1

Damage-coupled elasto-plastic constitutive model
The Chaboche plasticity model35–40 is used in this
study because of the model’s capability of describing
the general cyclic deformation behavior and its comparative simplicity. With consideration of material damage,
the damage variable is coupled into the Chaboche plasticity model by using the effective stress instead of the
stress used in the elasticity law and in the Mises yield
criterion, which is based on the hypothesis of strain
equivalence.31 The basic equations of the damagecoupled elasto-plastic constitutive model are listed as
follows:

1197

ðkÞ

α_ ij ¼ ð1  DÞ



2
p
ðkÞ
C k ε_ ij  γk αij p_
3

(11)

where M is the number of the back stress components.
Parameters Ck, γk, b and Q∞ are material constants determined from experimental tests.
Fatigue damage models
It is necessary to consider the damage induced by plastic
strains when considering the plastic deformation at the
notch tip. However, the materials which are not at the
notch tip may experience elastic behavior. In this case,
damage induced by cyclic stress also needs to be considered. In this study, two different damage laws are
employed: a stress-based damage model and a plastic
strain-based damage model,41 which represent the evolution of damage in the material as the number of cycles
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increases. Damage accumulates with increasing number
of loading cycles until the value of damage reaches the
critical value.

Plastic strain-based damage model
With the presence of macro-plastic strain, the corresponding damage accumulates over each fatigue cycle.
The damage law,31,41 which is dependent on the accumulated plastic strain, is given by
"



2

σ max
dDp
¼
dN
2ESð1  DÞ2

#m
Δp

(12)

Elasto-plastic constitutive model parameters
The experimental data of the uniaxial stress–strain curve
are used for determining the material constants in the
hardening law. The isotropic hardening is neglected in
this study, which means the size of the yield surface remains unchanged
Q ¼ σy

(14)

where σ y is the initial yield stress. For the case of uniaxial
loading, the stress–plastic strain relationship can be
expressed as follows
M

σ max

is the maximum value of the damage equivwhere
alent stress31 over a loading cycle. The parameters S
and m are determined from the experimentally determined curve of plastic strain versus number of cycles
to failure.

Stress-based damage model
A nonlinear fatigue damage model proposed by
Lemaitre and Chaboche31 for uniaxial fatigue is extended to the case of multiaxial fatigue by
Chaudonneret.42 The evolution of damage depends on
stress quantities in one loading cycle and is written as
follows:

σ ¼ σy þ ∑
k¼1

Ck
ð1  eγk εp Þ
γk

where σ and εp are stress and plastic strain, respectively.
In this study, three components of back stress (M = 3)
are employed to improve the accuracy of the data
ﬁtting. The least square method is employed to determine the parameters according to the experimental
data.
Parameter identiﬁcation for fatigue damage models
It is necessary to determine two sets of material parameters corresponding to two different fatigue damage
models. In particular, experimental tests of high-cycle

D
E
#β
13b1 σ H;mean Þ "
i1a AII σl0σðσ
dDe h
AII
u
eq;max
βþ1


¼ 1  ð1  D Þ
dN
M 0 1  3b2 σ H;mean ð1  DÞ

where AII and σ H,mean are the amplitude of the octahedral shear stress and the mean value of the hydrostatic
stress in a loading cycle, respectively. The term σ eq,max
is the maximum equivalent stress over a loading cycle,
σ l0 is the fatigue limit at the fully reversed loading condition and σ u is the ultimate tensile stress. The details
about the stress-based damage model can be obtained
by referring to the literature.22,23,31,42 The ﬁve parameters, a, M0, β, b1 and b2, are determined by using plain
fatigue tests of standard specimens.

(15)

(13)

fatigue and low-cycle fatigue for unnotched specimens
are employed to obtain these parameters.

Parameter identiﬁcation for plastic strain-based damage
model
The parameters in the plastic strain-based damage model
are obtained by equating the integral of the damage evolution model, Eq. (12), with the curve of plastic strain
versus number of cycles to failure. From the Cofﬁn–
Manson law, the equation for the plastic strain versus
number of cycles to failure can be written as follows

MATERIAL PARAMETERS


c
Δεp
¼ εf 2N f
2

In this research, three sets of material parameters need to
be calibrated according to the experimental data. The
methodology is illustrated brieﬂy in the succeeding
section.

where εf is the fatigue ductility coefﬁcient and c is the
fatigue ductility exponent. The integrated damage
evolution equation for the case of uniaxial loading is
found to be

(16)
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1
NF ¼
2ð2m þ 1ÞΔεp

!m

2ES
ðσ max Þ

(17)

2

The cyclic stress–strain curve is found as follows
 n′
Δεp
σ max ¼ K ′
2

(18)

where K′ and n′ are parameters obtained from experiments. Eq. (17) can then be written as follows
1
21þ2n′ ES
NF ¼
2ð2m þ 1Þ
ðK ′Þ2

!m



Δεp

ð1þ2mn′Þ

(19)

By comparing the two equations, the parameters S and m
are determined according to the values of εf, c, K′ and n′.

Parameter identiﬁcation for the stress-based damage model
For uniaxial fatigue, the number of cycles to failure for a
given stress condition is obtained by integrating Eq. (13)
from D = 0 to D = 1, leading to the following
NF ¼

1
1
σa
hσ u  σ max i
σ

σ
ð
1

b
σ
Þ
1

b2 σ m
1 þ β aM β
h
i
a
1
m
l0
0

β

(20)
where σ max, σ a and σ m are the maximum stress, stress
amplitude and mean stress during a loading cycle, respectively. The material parameters σ l0, β and aM β
0 can be determined from a stress-controlled fatigue test at a fully
reversed loading condition. The parameters b1 and b2 can
be obtained from fatigue tests at different mean stresses.
Parameter a is obtained according to the method introduced by Zhang.23

COMPUTATIONAL METHOD

The damage-coupled elasto-plastic constitutive model and
fatigue damage models are implemented through the user
subroutine UMAT in ABAQUS, which is called at all material integration points at the beginning of each time increment. The user subroutine updates the values of the
stress and the solution-dependent state variables at the
end of each time increment, which is followed by updating
the corresponding Jacobian matrix. The central process in
the procedure is the implementation of the implicit stress
integration algorithm and determination of the evolution
of the consistent elasto-plastic tangent modulus.43–46 Because it is computationally expensive to simulate each loading cycle, the jump-in-cycles procedure is adopted in the
numerical implementation, which assumes that stress,

1199

accumulated plastic strain and damage remain unchanged
for a ﬁnite period of ΔN cycles constituting a block. With
this assumption, the damage evolution can be interpreted
as piecewise linear, with respect to the number of cycles.
A simpliﬁed ﬂowchart of the algorithm used in this study
is shown in Fig. 2, and the details of the computational procedure are listed as follows:
(1) The initial damage for each element is set to be zero.
(2) The damage-coupled elasto-plastic constitutive rate
equations, Eqs. (4)–(11), are solved to obtain the
stress, elastic strain and plastic strain. The stress and
accumulated plastic strain histories are calculated
for the current block.
(3) According to the stress and accumulated plastic strain
histories, two damage evolution rates can be calculated
using two damage evolution equations, Eqs. (12) and
(13). In the present work, the total damage evolution
rate is assigned as the maximum value of two rates.41
(
 
i )
 i
dD
dDe i dDp
(21)
¼ max
;
dN j dN j
dN j
where i represents the current block and j is the number of element.
(4) The damage values and the number of cycles for all
elements are updated at the end of the current block.
The determination of ΔN is necessary in order to obtain convergent fatigue life


Diþ1
j

¼

Dij

dD
þ
dN

N iþ1 ¼ N i þ ΔN

i
ΔN

(22)

j

(23)

(5) Material properties are modiﬁed based on the calculated damage value for the next block, as given by


¼ Property 1  Diþ1
(24)
Property iþ1
j
j
where ‘Property’ refers to the material parameters
such as E, Ck, γk, and so on.
(6) The algorithm repeats steps (2)–(5) for each block of
cycles until the damage value of any integration point
reaches the critical value Dc. In this study, the critical
value is set to 1.
STUDY CASES

Case 1. Notched plate under tension-compression
loadings
A U-notched specimen made of LC4CS is investigated in this study, of which the elastic Kt value is
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Fig. 2 Simpliﬁed ﬂowchart of the computational method.

about 2. The shape of the specimen is based on the
geometry from the literature,47 as illustrated in Fig. 3.
The plate thickness of all specimens is 2.5 mm. The
specimens are subjected to the remote tension–
compression or tension–tension fatigue loadings, as
listed in Table 1. The material parameters for
LC4CS are calibrated according to the necessary experimental data in the literature,47 which are listed
in Table 2. The result of data ﬁtting for the plasticity
model under the uniaxial loading is shown in Fig. 4a,
and Fig. 4b depicts the ﬁtting curves of the stressbased damage model for the fatigue experimental data
of unnotched plate specimens.
The general purpose, nonlinear, FE code ABAQUS is
used here. Only 1/8 of the specimen is modeled, and the
symmetric boundary conditions are used at three planes

of symmetry. The eight-node linear brick element
C3D8 is employed in the present study, as shown in
Fig. 5. A mesh convergence study is conducted by
increasing the number of elements along the thickness
direction. However, a negligible effect on the convergence results of stress is found with increasing reﬁnement
in the thickness direction.
The experiments with high stress condition are simulated by the continuum damage mechanics approach presented in this study, the crack initiation lives of which are
below 100 000 cycles. The predicted fatigue lives are
listed in Table 1 with experimental data, and the comparison is illustrated in Fig. 6. The bold line on the diagonal
indicates a perfect agreement between the prediction and
the experimentally observed crack initiation life, and the
upper and lower lines on the same plot indicate the

Fig. 3 Geometry of LC4CS specimens.
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Table 1 Experimental data for LC4CS plate

σ max
σ min Experimental mean Predicted fatigue
No. (MPa) (MPa)
life (Cycles)
life (Cycles)
1
2
3
4
5
6
7
8
9
10
11
12

167
127
98
226
206
177
275
245
216
324
314
284

167
127
98
88
68
39
1
29
58
88
98
128

17910
50040
86260
16250
24550
46420
16850
35000
68410
16740
19360
50000

21300
41600
69600
17500
24400
38800
17000
25600
43200
15800
20000
30000

σ max and σ max are the maximum and minimum stress of fatigue loading, respectively. The fatigue life given in the table is mean life of
crack initiation.
Table 2 Material parameters for LC4CS

Constitutive model parameters:
E = 73000 MPa, v = 0.33, σ y = 433.8 MPa, C1 = 1938.9,
C2 = 10712.3, C3 = 102605.4, γ1 = 16.88, γ2 = 157, γ3 = 1385.2
Damage model parameters:
S = 184.1, m = 0.5391
σ u = 620 MPa, σ l0 = 72 MPa, β = 0.344, aM β
0 = 7.373e-6,
b1 = 0.0017, b2 = 0.0001, a = 0.75

borders of the deviations up to a factor of two. All the
predictions fall within the factor of two scatter bands in
the comparison ﬁgure.
For a notched specimen, the most critical element
for crack initiation is at the notch tip due to the concentration of stress at this point. Besides, stress at the
mid-thickness position is greater than that at the two
edges of the notch tip along the thickness direction
because of the Poisson effect at the notch tip. Figure 7
shows the contour of damage at the state of crack initiation under the fatigue loadings of experiment 1.
The maximum damage occurs at the notch tip, and a
similar result was reported by Zhang et al. and
Oliveira Góes et al.48 Therefore, we focus on the evolution of damage and the mechanical behavior of element 6404 as shown in Fig. 5. In the simulations,
the remote compressive stress is not high enough to
cause plastic deformation. No evident hysteresis loop
is founded under cyclic tension-compression loading.
If damage is not considered, plastic deformation will
never occur again after the ﬁrst loading cycle under
constant amplitude loading. When considering damage, the damage variable involved in the yield equation
accumulates with increasing number of loading cycles,
which induces the yield function equals zero in the
subsequent loading cycles when the value of the

Fig. 4 Fitting curves of (a) the plasticity model under the uniaxial
loading and (b) the stress-based damage model for the fatigue experimental data of the unnotched plate specimens for LC4CS.

damage reaches a speciﬁc value. This is the plasticity
induced by damage. Figure 8a shows the predicted
evolution of the y direction stress–strain curve at one
of the integration points in element 6404 under the
fatigue loadings of σ max = 324MPa and σ m = 206MPa,
and Fig. 8b depicts the curve for the ﬁrst three blocks
of the loading cycles. It is noted that there are 100 cycles in each block. One obvious phenomenon can be
observed that the maximum stress reduces in each
block of loading cycles as the number of loading cycles increases, the cause of which is the stress redistribution induced by damage. The damage in the
material makes the stress and strain ﬁeld near the
notch tip to vary from cycle to cycle. It is also clear
that the plastic strain range of element 6404 in the
ﬁrst block of the loading cycles is much greater than
that in the subsequent blocks of loading cycles. The
explanation is that the ﬁrst plastic strain is directly
caused by the local stress but the subsequent plastic
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Fig. 5 One-eight of LC4CS specimen.

drop in the damage rate dDp/dN during the ﬁrst two
blocks of loading cycles. The damage rate dDp/dN is
much smaller than dDe/dN after the ﬁrst block of
loading cycles. If dDp/dN is chosen to calculate the
damage increment during all the loading cycles
regardless of dDe/dN, the predicted fatigue life will
be greatly longer than the experimental life, resulting
in serious deviation. Thus, the maximum one among
the two damage rates is suitable to calculate the evolution of damage.
Case 2. SAE notched shaft under bending-torsion
loadings
Fig. 6 Comparison of the predictions with experimental data for the
LC4CS specimens.

strain is induced by coupling effect between damage
and cyclic plasticity. Figure 9 shows the evolution of
the damage rates calculated by two damage models
for σ max = 284MPa, and σ m = 206MPa. There is a sharp

The damage mechanics method is applied to simulate the
damage evolution of the SAE 1045 notched shaft under
in-phase and out-of-phase bending-torsion loadings in
the SAE test program.49
The whole shaft is modeled by three-dimensional
high-order element C3D20 in ABAQUS to capture the
stress concentration near the notch tip, as shown in
Fig. 10. One end of the shaft is clamped, and the

Fig. 7 Contour of damage at the state of the crack initiation under the fatigue loadings of experiment 1.
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Fig. 9 Evolution of damage rates calculated by two damage models
for σ max = 284 MPa, σ m = 206 MPa.

bending-torsion loadings are applied by using the multipoint constraint method at the other end. A linear elastic
FE analysis is conducted to determine the stress concentrations for bending and torsion loadings as KB = 1.6 and
KT = 1.3 respectively, which agrees well with the experimental results.50 It indicates the mesh size near the notch
tip is appropriate.
The experiments with crack initiation life below
200 000 cycles are simulated by the damage mechanics
method, as listed in Table 3. When the remote
bending-torsion load is low, no plastic deformation occurs near the notch tip, which is beyond the focus of
the present study.

The predicted life is compared with the experimental
crack initiation life, as shown in Fig. 11. The damage mechanics method provides reasonably accurate life predictions for the SAE notched shaft subjected to bendingtorsion in-phase loadings, as most predictions fall within
the factor of three scatter bands.
Figure 12 shows the predicted evolution of axial
stress–strain curve for the most critical element at the
ﬁllet surface of the specimen RN-XR2-1. Obvious hysteresis loop is calculated because of the symmetric
bending-torsion loadings. The maximum stress in each
block of loading cycles reduces with the increasing
loading cycles, which is similar to that in case 1. However, the plastic strain range increases. The two trends
are both induced by damage, gradually changing the
shape of the hysteresis loop. As mentioned in Section
5.1, the hysteresis loop will stabilize after several cycles
without consideration of damage. Figure 13 shows the
evolution of damage rates calculated by two damage
models for the specimen RN-XR2-1. The two damage
rates are comparable. The damage rate dDp/dN is
higher in the ﬁrst one-third of the predicted fatigue life
but lower than dDe/dN in the remaining fatigue life.
According to what is shown in Eq. (21) and Fig. 13,
the damage rate increases slowly during the earlier
stage of the predicted fatigue life and increases dramatically at the end. This trend is consistent with the
change rate of the hysteresis loop.

For in-phase loadings

For out-of-phase loadings

The cyclic stress–strain curve of normalized SAE 1045
steel is used to determine the parameters in the elastoplastic constitutive model. All the parameters for normalized SAE 1045 steel are listed in Table 4.

The damage mechanics method can be extended to cope
with the cases of out-of-phase loadings. Two main
changes in the damage mechanics method need to be
considered because of the 90° out-of-phase loadings.

Fig. 8 Stress–strain curve evolution of element 882 for σ max = 324
MPa, σ m = 206 MPa. (a) for all of the blocks and (b) for the ﬁrst
three blocks.
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Fig. 10 Finite element model of the SAE notched shaft.
Table 3 Bending-torsion fatigue tests of SAE notched shaft specimen

Identiﬁcation

Bending moment
(Nm)

Torsion moment
(Nm)

JD-BR3-1
IL-BR3-2
AOS-BR3-1
JD-BR3-2
AOS-BR3-2
JD-BR2-1
BC-BR2-1
RN-BR2-1
IL-BR2-2
IL-BR2-1
AOS-BR2-1
JD-TR3-1
IL-TR3-1
BC-TR3-1
BC-TR2-1
IL-TR2-1
IL-XR3-1
RN-XR3-1
IL-XR3-3
IL-XR3-1
JD-XR3-1
RN-XR2-1
IL-XR2-1
JD-XR2-1
IL-YR2-1
IL-YR2-2
IL-YR3-1
IL-YR3-2
IL-YR3-1
IL-YR3-2
BC-YR2-1
JD-YR2-2
JD-YR2-1
IL-ZR3-1
JD-ZR3-1
IL-ZR3-1
IL-ZR3-2
IL-ZR2-1
IL-ZR2-2
IL-ZR2-3
IL-ZR2-4
JD-ZR03-1
JD-XR03-1
JD-XR03-2
BC-XR03-1
JD-YR03-1
JD-ZR03-2
BC-XR03-2
JD-XR02-1
JD-XR02-2

2800
2600
2600
2600
2586
1875
1875
1730
1730
1730
1730
0
0
0
0
0
1850
1850
1850
1355
2000
1220
1220
1220
1550
1550
2325
2325
1720
1720
1680
1680
1300
1150
1250
851
840
780
780
570
570
1150
1850
1800
1698
2300
770
1295
1220
1220

0
0
0
0
0
0
0
0
0
0
0
3000
3000
2534
2400
2400
2550
2100
2100
2550
2100
1700
1710
1710
1090
1090
1350
1350
1350
1350
960
900
1400
2700
2700
2700
2700
2180
2180
2180
2180
2700
2100
2100
2242
1325
2180
1710
1710
1710

Phase angle
(deg.)

Experimental life
(Cycles)

Predicted life
(Cycles)

0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
90
90
90
90
90
90
90
90
90

2571
3000
7930
8111
14000
41360
55000
30000
49200
60000
130000
4057
7000
15000
65000
75700
2200
4780
6700
5500
5998
60800
72000
107500
80000
97500
2810
3000
17070
21450
30000
84950
84680
3000
6402
9000
10000
70000
70680
76100
99560
10600
12660
21600
6725
17720
151900
25580
157500
173300

6000
11000
11000
11000
12000
55000
55000
68000
68000
68000
68000
8500
8500
14000
55000
55000
4700
11000
10200
11000
8500
65000
64000
64000
67500
67500
9100
9100
44500
44500
56000
60000
68000
8650
7650
13000
14000
52000
52000
57000
57000
20000
30000
34000
41000
14000
70000
85000
90000
90000

Experimental life represents the fatigue life to 1.0 mm crack.
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Table 4 Material parameters for SAE 1045 steel under in-phase
loadings

Constitutive model parameters:
E = 20400 MPa, v = 0.29, σ y = 200 MPa, C1 = 101268,
C2 = 11499, C3 = 2772.64, γ1 = 603.16, γ2 = 57.745, γ3 = 5.535
Damage model parameters:
S = 2.8895, m = 2.7113
σ u = 624 MPa, σ l0 = 285 MPa, β = 0.0826, aM β
0 = 3.1677e-5,
b1 = 0.0015, b2 = 0.0002, a = 0.75

Fig. 13 Evolution of damage rates calculated by two damage models
for the specimen RN-XR2-1.

Fig. 11 Comparison of the predictions with experimental data for
the SAE notched shaft under in-phase loadings.

Two improvements about the Chaboche plasticity model
were proposed by Benallal et al. and Tanaka, both introducing non-proportional parameters in the plasticity
model. In the present study, a simpler method is
employed without changing the Chaboche plasticity
model. The cyclic stress–strain curve under nonproportional loading was obtained experimentally and
two parameters similar to K′ and n′ are determined.


K ′90 ¼ 1 þ αnp K ′
n′90 ¼ n′

(25)

where αnp represents the non-proportional hardening coefﬁcient. For normalized SAE 1045 steel, αnp = 0.3 under
the 90° out-of-phase loadings. Therefore, the parameters
in the elasto-plastic constitutive model are obtained according to K ′90 and n′90 for out-of-phase loadings, which
are different from those under the in-phase loadings.
All the parameters under the out-of-phase loadings are
listed in Table 5, in which the parameters for the two
damage models are unchanged.
The second point is the calculation of σ max in the plastic strain-based damage model and AII, σ eq,max in the
Fig. 12 Evolution of axial stress–strain curve for the most critical element in the specimen RN-XR2-1.

The ﬁrst point is the non-proportional hardening of
the normalized SAE 1045 steel under out-of-phase
loading, which should be taken into account to obtain
the accurate result of the stress and strain. As reported
in the literature,38,51 the Chaboche plasticity model is
effective to address the non-proportional hardening.

Table 5 Material parameters for SAE 1045 steel under out-ofphase loadings

Constitutive model parameters:
E = 20400 MPa, v = 0.29, σ y = 200 MPa, C1 = 256340,
C2 = 18364, C3 = 3857.1, γ1 = 1018.3, γ2 = 67.8955, γ3 = 5.9468
Damage model parameters:
S = 2.8895, m = 2.7113
σ u = 624 MPa, σ l0 = 285 MPa, β = 0.0826, aM β
0 = 3.1677e-5,
b1 = 0.0015, b2 = 0.0002, a = 0.75
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stress-based damage model under out-of-phase loading.
Because it is unable to know in advance when the stress
quantities σ max and σ eq,max occur in a loading cycle directly, the quantities at the time increments during one
loading cycle are compared with each other and the maximum one is picked. For non-proportional loading, the
calculation of AII is deﬁned as follows


1
3
s ij;t  s ij;t0 s ij;t  s ij;t0
AII ¼ max max
t0
2 t
2

1=2

(26)

where sij,t and s ij;t0 represent the deviatoric stress tensor
components at the time increment t and t0 in a loading
cycle, respectively.
Figure 14 shows the histories of the stress components
and equivalent stress for the most critical element in the
specimen JD-ZR03-1 during the ﬁrst block of loading
cycles. The axial and hoop stresses, σ 22 and σ 12, are

Fig. 16 Comparison of the predictions with experimental data for
the SAE notched shaft under out-of-phase loadings.

predominant compared with the four other components
as shown in Fig. 14, which relates to the remote bending
and torsion loadings respectively. For this specimen, the
stress quantities, σ max and σ eq,max, are determined at the
time increment of three-fourth cycle, and AII is calculated
based on the stress components at the two critical time increments. As the bending-torsion loading changes, these
critical time increments also vary, as shown in Fig. 15.
Figure 16 depicts the prediction capability of the damage mechanics method in estimating the crack initiation
life under the 90° out-of-phase loadings. With consideration of the large scatter in experimental data, the
method provides reasonable predictions.

Fig. 14 Histories of stress components and equivalent stress for the
most critical element in the specimen JD-ZR03-1 during the ﬁrst
block of loading cycles.

Fig. 15 Relationships between σ 22 and σ 12 for the most critical element in two specimens.

CONCLUSIONS

In the present study, a damage mechanics approach is developed to predict fatigue crack initiation life of notched
specimens. The elasto-plastic behavior of the material at
the notch tip is considered, and the damage is calculated
by two fatigue damage models: a stress-based damage
model and a plastic strain-based damage model. These
models are implemented in ABAQUS and the two cases
including tension-compression, bending-torsion, inphase and out-of phase loadings are studied. The predicted fatigue lives are compared with the experimental
results. Several features of the damage mechanics approach in this study can be concluded as follows:
• A damage-coupled elasto-plastic constitutive model is
employed to represent the elasto-plastic behavior of a
material with damage at the notch tip.
• A rule of damage accumulation is proposed for the case of
material experiencing elasto-plastic deformation. The
predicted results agree well with the experimental data.

© 2015 Wiley Publishing Ltd. Fatigue Fract Engng Mater Struct, 2015, 38, 1194–1208

FATIGUE DAMAGE OF NOTCHED SPECIMENS

• The evolutions of the mechanical behavior of the material, such as the stress–strain relationship and the relation between damage accumulation and loading
cycles, are revealed by the damage mechanics approach, which would contribute to the understanding
and calculation of the fatigue damage in material.
• The extended approach to the fatigue under nonproportional loading is proposed, in which nonproportional hardening and a new calculation of stress
quantities are considered. The predicted results agree
well with the experimental data.
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