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A thermo-elastic-viscoplastic-damage model based on thermodynamics is developed to describe
the self-heating and stress-strain behavior of thermoplastic polymers under tensile loading. The
constitutive model considers temperature-dependent elasticity, nonlinear viscoplastic flow and
damage evolution. The model includes the important self-heating of a polymer caused by the
viscoplasticity and the often neglected damage energy dissipation during deformation. The model
parameters are calibrated from the monotonic and repeated loading tests for polyamide 6 under
different temperatures and loading rates. In particular, the damage evolution is evaluated by the
stiffness reduction in the repeated loading tests. The proposed model is implemented in a finite
element package to predict the self-heating and mechanical behavior of the polymer at a high
loading rate. The predicted temperature and load evolution curves agree with the experimental
data.

1. Introduction
Thermoplastic polymers have been widely used to fabricate engineering components in industrial sectors ranging from automotive, aerospace to biomedical fields due to their excellent impact resistance, high strength-to-weight ratio and good bio-affinity
(Ramakrishna et al., 2001). A good understanding of their mechanical behavior and intrinsic deformation mechanisms is of prime
significance for the design, manufacturing and reliability assessment of the components.
The mechanical behavior of thermoplastic polymers has been extensively investigated in the past half-century (Barentsen and
Heikens, 1973; Bax and Müssig, 2008; Kennedy et al., 1994; Mullins, 1948; Nielsen, 1969). Thermoplastic polymers consist of long
and flexible chains interlinked through hydrogen and van der Waals bonds. Either the chains are all randomly oriented to form
amorphous polymers, or some portions of them fold together in an orderly arrangement to form crystalline phases in semi-crystalline
polymers. Under tensile loading, amorphous chains are stretched and gradually aligned with the loading direction. The crystalline
regions are torn apart due to the slide of the arranged chains, and finally transformed into a highly oriented fibrillar structure at large
strain (Jabbari-Farouji et al., 2015). Through macroscopic experimental observations, thermoplastic polymers typically exhibit
elastic or viscoelastic behavior at small deformation and visco-elastic-plastic behavior at large deformation. Furthermore, damage
occurs due to irreversible changes in the microstructures during deformation (e.g., the initiation, enlargement and coalescence of
micro-voids (Zaïri et al., 2011) or plastic deformation in the crystalline regions (Detrez et al., 2011)). It causes polymers to experience
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specific mechanical behavior such as strain softening for amorphous polymers under monotonic loading (Nguyen et al., 2016),
Mullins effect for styrene-butadiene rubber under cyclic loading (Ayoub et al., 2011b) and stiffness reduction under repeated loading
tests (Balieu et al., 2013). Besides, localized damage and plastic deformation lead to the onset of necking at high strain before the
breaking of polymers.
Loading conditions, especially temperature and strain rate, affect the mechanical response of thermoplastic polymers (Boyce
et al., 1994; Chen et al., 2002, 2016; Hine et al., 2005). Temperature has a significant effect on the elastic modulus and yield stress of
thermoplastic polymers. The mobility of amorphous chains increases significantly with an increase in temperature, especially in the
rubber-glass transition region. It leads to a significant decrease of the elastic modulus and yield stress as the polymers change from
the glassy state to the rubbery state. Moreover, volume increases in an increasing rate. For some amorphous polymers such as
polycarbonate and polymethylmethacrylate, the stress-strain responses in the glassy and the rubbery states have obvious differences
(Srivastava et al., 2010). Conversely, material temperature is influenced by its deformation. The energy dissipation due to the
viscoplastic flow causes self-heating of thermoplastic polymers (Maurel-Pantel et al., 2015; Ovalle Rodas et al., 2014). The strain rate
influences the yielding and viscoplastic flow behavior of thermoplastic polymers. The increase of strain rate leads to continuous
hardening after yielding. Meanwhile, the self-heating phenomenon is also influenced by the strain rate (Maurel-Pantel et al., 2015).
Higher strain rate leads to larger increment of the temperature. Therefore, there is competition between softening (caused by selfheating and damage) and hardening (induced by strain rate) during deformation.
Thermo-mechanical constitutive models have been proposed to interpret the mechanical behavior of thermoplastic polymers with
time and temperature dependencies. Arruda et al. (1995) modified an elastic-viscoplastic model (Boyce et al., 1988) originally for
isothermal conditions to reproduce the temperature-dependent mechanical behavior of polymethylmethacrylate. The shear modulus
was defined as a logarithmic function of temperature. Srivastava et al. (2010) developed a thermo-mechanical model to study the
elastic-viscoplastic behavior of three thermoplastic polymers over a wide temperature range spanning their glass transition temperatures. In addition, the effect of rubber-glass transition on the thermo-mechanical behavior has been considered in the modeling of
several amorphous polymers (Anand et al., 2009; Buckley and Jones, 1995; Dooling et al., 2002; Dupaix and Boyce, 2007; Mathiesen
et al., 2014; Xiao et al., 2017). Bouvard et al. (2013) used three microstructure-based internal state variables in a thermo-mechanical
model to describe the micro-mechanisms of chain deformation. Inspired by the model developed for isothermal condition (PolancoLoria et al., 2010), Garcia-Gonzalez et al. (2017) developed a thermo-hyperelastic-viscoplastic model with consideration of strain
rate-dependent material hardening, self-heating caused by plastic dissipation, and material expansion. Yu et al. (2017b) proposed a
thermo-mechanical model to evaluate the cyclic viscoelastic-viscoplastic response of polyethylene with ultra-high molecular weight.
More recently, Yu et al. (2017a) extended their previous model to consider the effect of chemical reaction and moisture diffusion on
the cyclic mechanical behavior of polyamide 6. The multi-physical coupling relationship was considered in the proposed hydrothermo-viscoelastic-viscoplastic model.
Damage behavior can be included in the constitutive modeling for the mechanical behavior of thermoplastic polymers. These
constitutive models generally can be categorized into two classes: micromechanics and continuum damage mechanics (CDM)
methods.
The micromechanics method considers the damage process as the growth of voids as well as their interactions within the material.
The Gurson model and its modified versions (Gurson, 1977; Nahshon and Hutchinson, 2008; Tvergaard, 1982), originally for porous
metallic materials, were extended to investigate void growth in thermoplastic polymers. The hydrostatic pressure dependency (Jeong
and Pan, 1995; Lazzeri and Bucknall, 1995) and the strain rate sensitivity (Challier et al., 2006; Zaïri et al., 2005) were considered in
the modeling. Zaïri et al. (2011) further considered voids growth with anisotropic behavior in rubber-toughened polymers at large
deformation. The advantage of a micromechanics method is that it provides a connection between microstructures (voids, cracks and
matrix) and mechanical behavior of polymers. However, the resulting models are complicated with material parameters regarding
the distribution and evolution of microstructures, which are difficult to calibrate from the overall mechanical behavior.
The CDM method, in contrast, introduces a damage variable (scalar or tensor) to represent the material degradation at the
macroscopic scale induced by micro-voids and micro-cracks (Al-Rub and Voyiadjis, 2003; Haddag et al., 2009; Lemaitre and
Chaboche, 1994; Shen et al., 2015, 2017; Voyiadjis and Dorgan, 2007). The coupling relationships between stress, elastic strain,
plastic strain and damage can be considered intrinsically in the thermodynamic framework. Ayoub et al. (2011a) and Ayoub et al.
(2011b) proposed visco-hyperelastic-damage models for high-cycle and low-cycle fatigue behavior of styrene–butadiene rubber,
respectively. The deterioration of mechanical behavior during cyclic loading was explained through the network alteration theory in
which a damage variable was introduced to represent the change in the number of chain segments. Balieu et al. (2013) developed an
elastic-viscoplastic-damage model for 20% mineral-filled polypropylene with consideration of the non-isochoric deformation and the
hydrostatic pressure dependency. Two methods to calculate the evolution of damage during deformation were proposed, one using
the reduction of stiffness and the other using the variation of stresses under compressible and incompressible assumptions. Comparing with the micromechanics method, damage variable and its evolution in the CDM method can be identified from the macroscopic mechanical behavior of thermoplastic polymers.
It should be highlighted that hitherto the CDM-based models for the mechanical response of thermoplastic polymers are limited to
isothermal conditions. Indeed, the damage should be appropriately incorporated in a thermo-mechanical model for a better description of the mechanical response. The effect of damage on self-heating, although important, is yet to be considered in the
constitutive modeling. Furthermore, the influence of temperature on the damage evolution of polymers has never been studied.
Therefore, this study presents a thermo-elastic-viscoplastic-damage model to address the above shortcomings. The model aims to
describe the thermo-mechanical response of thermoplastic polymers during finite deformation, taking into consideration of damage
and self-heating. Based on thermodynamics, the coupling relationship between damage and elasticity as well as viscoplasticity is
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Fig. 1. Schematic of the constitutive model with three elements.

considered in the model by including damage in the specific Helmholtz free energy and the viscoplastic dissipation potential.
Moreover, the energy dissipations from both damage and viscoplastic deformation are considered as the heat source in the model for
causing self-heating. The mechanical behavior and the temperature evolution of a semi-crystalline polyamide 6 are experimentally
investigated under different temperatures and loading rates. In particular, the damage evolution during deformation is evaluated
through repeated loading tests at different temperatures. The model parameters are calibrated from the results of the monotonic and
repeated loading tests. The self-heating tests are conducted to study the mechanical behavior and temperature evolution at a high
loading rate. In conjunction with the finite element method, the proposed model is employed to reproduce the temperature evolution
and mechanical behavior in the self-heating tests. The predicted results of the temperature increment and load evolution are compared with the experimental data.
2. Constitutive model
The mechanical behavior of thermoplastic polymers is schematically represented by the deformation of two parallel branches as
shown in Fig. 1 (Boyce et al., 2000; Holopainen et al., 2017; Ovalle Rodas et al., 2014; Torres et al., 2016). Branch A, consisting of a
linear elastic spring and a viscoplastic dashpot, represents the elastic response at small deformation and the viscoplastic flow with
temperature and strain rate dependencies at moderate deformation. The nonlinear spring in branch B is used to describe the strain
hardening behavior at large deformation. The kinematics and thermodynamics will be revisited to formulate the associated constitutive model of thermoplastic polymers.
2.1. Kinematics
Three configurations shown in Fig. 2 are established to describe the kinematics of finite deformation in thermoplastic polymers.
As two elements are used in branch A, a relaxed configuration ¯ is proposed between the reference and current configurations to
distinguish the deformation of each element (i.e., the elastic and viscoplastic deformation). With a parallel design, the deformation
gradients of the two branches, FA and FB , are identical to the overall deformation gradient F :
(1)

FA = FB = F.

According to the two elements in branch A, the deformation gradient is divided into an elastic component F eA and a viscoplastic
component FpA :

FA = F eA FpA .

(2)

Fig. 2. Schematic representation of deformation gradients in three configurations.
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The velocity gradient LA of branch A is written as

LA = FA F A1 = LeA + F eA L¯ pA (F eA) 1,
e
F A (F eA) 1

(3)

p
F A (FpA) 1

=
=
where
and
are the elastic part and the viscoplastic part, respectively. The elastic part can further be
divided into symmetric and skew components, i.e., LeA = DeA + W eA , the elastic rate-of-deformation tensor is given as
e
e T
DeA = (F A (F eA) 1 + (F eA) T (F A) )/2 . It is noted that the viscoplastic part L̄ pA is expressed in the relaxed configuration.
The velocity gradient of branch B can be written as
LeA

L¯ pA

(4)

LB = FB F B 1 = DB + WB,
where DB and WB are the symmetric and skew components of LB , respectively.
The total stress is the combination of the contributions from these two branches:

=

A

+

(5)

B.

2.2. Thermodynamics
Thermodynamics is used to formulate the relationships between stress, strain, damage, temperature and loading rate. The first
thermodynamic principle is expressed in the current configuration as (Belytschko et al., 2013; Lemaitre and Chaboche, 1994)

w= :D

q+

(6)

,

where the Cauchy stress includes the contributions from the two branches, the term : D is the rate of strain energy density, the
vector q represents the heat flux, the three scalars , w and represent the density, internal energy and external heat source,
respectively. By using Eqs. (3) and (4), Eq. (6) is written as

w=

LeA +

A:

F eA L¯ pA (F eA)

A:

1

+

B:

LB

q+

(7)

,

where the equation : D = : L is used. The Clausius-Duhem inequality based on the second thermodynamic principle is written as
(Lemaitre and Chaboche, 1994)

q
T

s+

0,

T

(8)

where T represents the material temperature and s is the specific entropy. By using the specific Helmholtz free energy
and substituting the term
using Eq. (7), the above inequality is expressed as

T
q+
T

sT

A:

LeA +

A:

F eA L¯ pA (F eA)

1

+

B:

LB

0.

=w

sT

(9)

The Helmholtz free energy is considered as a function of deformation, damage and temperature of the two branches:
= (CeA , CB, D , T ) , where the scalar D is the damage variable under isotropic damage assumption, CeA = (F eA) TF eA is the elastic
Cauchy–Green tensor of branch A and CB = FBT FB is the Cauchy–Green tensor of branch B. The derivative of is calculated as

=

e

: CA +

CeA

CB

: CB +

D

D+

T

T.

(10)

The first item at the right side of Eq. (10) is expressed as
e

CeA

: CA =

e T

CeA

e

: ((F A) F eA + (F eA) TF A)=F eA

CeA

(F eA) T : ((F eA)

T (F e ) T
A

e

+ F A (F eA) 1) = 2F eA

CeA

(F eA) T : DeA .

(11)

Similarly, the second item is written as

CB

: CB = 2FB

CB

FBT: DB .

(12)

By substituting Eqs. (10)–(12) into Eq. (9), the Clausius-Duhem inequality can be written as

s+

T

T+

A

2F eA

CeA

(F eA) T : DeA +

B

2FB

CB

FBT : DB +

A:

F eA L¯ pA (F eA)

1

D

D

T
q
T

0.

(13)

Since Eq. (13) should be fulfilled for any admissible deformation and temperature history, the following constitutive equations are
obtained as

s=

A

T

,

= 2F eA

(14)

CeA

(F eA) T ,

(15)
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B

= 2FB

CB

FBT.

(16)

The damage energy release rate Y that is conjugated to D can be defined according to Eq. (13):

Y=

D

.

(17)

By taking advantage of Eqs. 14–17, the Clausius-Duhem inequality is expressed as
A:

F eA L¯ pA (F eA)

1

T
q
T

+ YD

0.

(18)

The first three terms of the inequality represent the viscoplastic energy dissipation, the damage-induced energy dissipation, and
the thermal dissipation, respectively The specific Helmholtz free energy will be given in Section 2.4 to deduce the constitutive
equations.
The kinetic laws governing the evolutions of the viscoplastic deformation gradient FpA and damage D are determined by a dissipation potential function . It is necessary to fulfill the inequality and thus the dissipation potential should be a convex function of
the stress A and the damage energy release rate Y . The evolution laws are written as

F eA L¯ pA (F eA)

1

=

3
2

N=

1
A

D=

D

(19)

p N,

Y

,

:

A

(20)

A

,

(21)

where the tensor N represents the direction of the viscoplastic flow, p and D are the viscoplastic and damage multipliers, respectively. The specific evolution rates will be provided in Sections 2.5 and 2.6.
2.3. Heat equation
The self-heating of thermoplastic polymers is caused by the energy dissipations from the viscoplastic deformation and the damage
process. The heat equation can be derived from the first thermodynamic principle. According to Eq. (14), the time derivative of s is
expressed as
2

s=

Using w =

: CA

+ sT

The term w and
e
A : LA +

DeA +

2

: CB

A:

2

T

T D

B:

DB

e

CeA

T

2

D

T2

T.

(22)

: CA

T

2

T CB

: CB

T

2

T D

D

T

2

T2

T.

(23)

can be substituted using Eqs. (7) and (10), respectively. Therefore, Eq. (23) can be rewritten as

e ¯p
e
A: F A L
A (F A )

Using the equations

cT =

T CB

+ sT + sT , the time derivative of w is written as

w=

A:

2

e

T CeA

1

YD
e
A : DA

F eA L¯ pA (F eA)

1

+

q+
B: L B
1 (F e ) T)
e
A A
1 ((FeA)
: CA
2
T

=

e
A : LA

+ YD

and

+

B:

1
2

=

LB =

1 (FB 1 BFB T)
:
2
T

B:

Y
D
T

T

2

T2

T.

(24)

DB , the heat equation is thus obtained as

((F eA) 1 A (F eA) T)
T

CB + T

e

: CA +

1 (F B 1 BF B T)
: CB
2
T

T

Y
D
T

q+

,

(25)

where the specific heat capacity c = T 2 / T 2 is used to simplify the equation. The two terms A: F eA L¯ pA (F eA) 1 and YD represent the
viscoplastic energy dissipation and the damage energy dissipation, respectively. The following three terms, namely
e
1
1
((F eA) 1 A (F eA) T)/ T : C A and 2 (F B 1 BF B T)/ T : CB representing the effect of the thermo-mechanical coupling on the self-heating
2
and TD Y / T representing the thermo-damage coupling, are not considered in the present study; this is because they are much
smaller than the first two terms. By using q = k T and ignoring the external heat source term , Eq. (25) can be reduced to

cT = k

( T) +

A:

F eA L¯ pA (F eA)

1

(26)

+ YD ,

where k is the thermal conductivity. The last two terms can be regarded as the heat source terms associated with deformation.
2.4. Cauchy stresses
The specific Helmholtz free energy is defined to obtain the Cauchy stresses in the two branches. It can be decomposed into two
independent components:
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e
A (C A ,

=

D, T ) +

B (CB ,

(27)

D, T ).

It is assumed that these two branches share the same damage. For branch A, the Cauchy stress is calculated according to the
stretch of the linear spring. Therefore, the Helmholtz free energy of this branch is given as
A

(1

=

D)

µ (T )ln U eA: ln U eA +

JAe

2
1
(T )(tr(ln U eA)) ,
2

(28)

where JAe = det(F eA) , U eA is the stretch tensor obtained through the polar decomposition F eA = ReA U eA , ln U eA is the logarithmic strain,
and the symbol tr(ln U eA ) represents the trace of the logarithmic strain.
According to Eq. (15), the Cauchy stress in branch A can be written as
A

=

(1

D)
JAe

ReA [2µ (T )ln U eA + (T )tr(ln U eA) I](ReA) T ,

(29)

is the rotation tensor, µ and are temperature-dependent Lamé parameters. The detailed derivation is presented in
where
Appendix A. The elastic properties E and v are used instead of the Lamé parameters. The correlation between the elastic modulus and
the temperature is given as:

ReA

E (T ) = Eref + Es (T

(30)

Tref ),

where Eref is the reference modulus under temperature Tref and Es is the slope of the linear relationship.
For branch B, a specific Helmholtz free energy is proposed through including damage in the eight-chain model (Arruda and Boyce,
1993; Dupaix and Boyce, 2007; Mulliken and Boyce, 2006; Qi and Boyce, 2004, 2005) to describe the strain hardening at large
deformation:
B

(1

=

D)
JB

N ¯ chain + N ln

Cr (T )

sinh

,

(31)

¯ B) is the first invariant of B̄B , the
¯ B = JB
= tr(B
where JB = det(FB) , the isochoric left Cauchy–Green tensor of this branch is B
chain stretch of the eight-chain network is ¯ chain = I¯1/3 , = La 1( ¯ chain / N ) , the symbol La is the Langevin function, the material
parameter Cr represents the rubbery modulus and the parameter N is the limit of the chain extensibility. The Cauchy stress in
branch B is obtained according to Eq. (16) as
2/3

B

=

(1

D) Cr (T ) N
La
3 ¯chain

JB

1

¯chain
N

FB FBT , I¯1

B B,

(32)

¯ B 1/3tr(B
¯ B) I .
where B B is the deviatoric part of B̄B , B B = B
According to Eq. (17), the damage energy release rate is calculated as

Y=

2
1
1
1
e
e
(T )(tr(ln U eA)) + Cr (T )
e µ (T )ln U A : ln U A +
JA
2
JB

N ¯ chain + N ln

sinh

.

(33)

The variable Y is used to calculate the damage energy dissipation in the heat equation.
2.5. Viscoplastic evolution
Based on an original form without damage (Kolupaev et al., 2005; Zerbe et al., 2017), a plastic dissipation potential including
damage is proposed to describe the viscoplastic flow in branch A:
p

=

1
1

D

(1

)

2
A

+

tr( A)

2

,

(34)

where the equivalent shear stress A = 3 A: A/2 is obtained from the deviatoric stress A , the symbol <> is the Macaulay bracket
and
is the material parameter controlling the contribution of the hydrostatic stress of A . The equivalent shear stress and the
hydrostatic stress are both considered in the dissipation potential. The additional term (1 D ) in the equation considers the effect of
damage on the viscoplastic deformation. The derivation of the plastic dissipation potential with respect to A is given as
p

3(1

=

2(1

A

)

D) (1

A

+ 2 tr( A) I
)

2
A

+

tr( A)

2

.

(35)

The viscoplastic evolution rule is thus obtained according to Eqs. (19) and (20).
The viscoplastic multiplier p is controlled by the Cauchy stress acting on the viscoplastic dashpot (Torres et al., 2016):
m
p

=

0

A
y (T ) fp

,

(36)

where y is the temperature-dependent shear resistance, 0 is a material constant and m is the strain rate sensitivity parameter. The
function fp is used to capture the nonlinear yielding behavior:
232

International Journal of Plasticity 121 (2019) 227–243

F. Shen, et al.

fp =
where

+ (1

p
,
py

)exp

(37)

and py are material parameters. The rate of the equivalent viscoplastic strain p is given as

p=

2 e ¯p e 1 e ¯p e
F A L A (F A) : F A L A (F A)
3

1.

(38)

2.6. Damage evolution
The damage rate is proposed as an exponent function of the equivalent viscoplastic strain:

D = Dc exp(

(39)

p) p ,

where is a material parameter controlling the evolution of damage and Dc is the damage limit. Through the integration of Eq. (39),
the damage model can be written as

D = Dc (1

exp(

(40)

p)),

where zero damage at the initial condition is assumed. This equation is used to determine the damage parameters Dc and . The
damage rate Eq. (39) will be used in conjunction with the viscoplastic evolution law to calculate the evolution of damage and
viscoplastic deformation gradient.
2.7. Numerical implementation
The proposed model is implemented in the finite element code ABAQUS by using the explicit subroutine VUMAT. Three procedures are performed to calculate the Cauchy stresses, viscoplastic deformation gradient, damage and temperature:
a) The differential equations in the viscoplastic and damage evolution model are solved by an explicit Runge-Kutta procedure to
obtain the viscoplastic deformation gradient FpA , damage D and equivalent viscoplastic strain p .
b) Two deformation gradients F eA and FB are then prepared for the calculation of the two Cauchy stresses. An incremental method is
applied because the damage and the deformation gradient are changing gradually. Especially, the increment of the elastic deformation gradient at the current step is given as

F eA = F eA,c (F eA,l) 1,

(41)

and
represent the elastic deformation gradients at the current and previous time step, respectively. The elastic strain
where
increment is thus calculated as

F eA,c

F eA,l

DeA t =

1
(I
2

( F eA)

T(

F eA) 1).

(42)

The stress at the current step is obtained from the results of elastic strain increment, damage and temperature at the previous step.
c) The temperature increment is calculated by providing the two energy dissipation terms

A:

F eA L¯ pA (F eA)

1

t and YD t in Eq. (26).

The procedures are repeated until the end of the simulation. After each step, the results of stress, viscoplastic deformation
gradient, damage and temperature are updated as the initial condition for the next step.
3. Parameter calibration for polyamide 6
The material studied is a semi-crystalline polyamide 6. The specimens are machined from 3 mm thick plate (purchased from Nai
Mei Hardware Product Co., Ltd., Shenzhen, China). They have a dog-bone shape and 8 mm-width reduced section. The stress-strain
behavior and the damage evolution of polyamide 6 are investigated through monotonic loading tests and repeated loading tests,
respectively. The experimental results from both tests are used to calibrate the material parameters in the developed model.
3.1. Monotonic loading tests
Monotonic tensile tests are conducted to evaluate the stress-strain responses of polyamide 6 under different loading conditions.
Three temperatures (25, 50 and 80 °C) and three loading rates (1, 10 and 100 mm/min) are used in the tests. The specimens in a
temperature chamber are heated up to the testing temperature prior to the tensile tests. The thermal strain and stress due to heating
are eliminated by adjusting the initial clamp position of the testing machine before the test. Two black lines are marked on the
reduced section of the specimen and the distance between them is recorded as the gauge length. One end of the specimen is fixed by
the lower clamp of the testing machine. The displacement with a specific loading rate is applied on the other end of the specimen
through the upper clamp. The deformation of a specimen in the chamber is measured by a video extensometer (TRview X) that
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Fig. 3. Experimental and numerical results of strain-strain curves of polyamide 6 under three loading rates (1, 10 and 100 mm/min) at three
temperatures: (a) 25, (b) 50 and (c) 80 °C.

captures movements of these two lines on the specimen. The obtained strain is thus an average over the region bounded by the lines.
The forces during the tests are recorded to calculate the stresses under different loading conditions.
Fig. 3 depicts the stress-strain responses of polyamide 6 for three loading rates at three different temperatures. All experimental
curves start with linear elastic behavior at small deformation, i.e., the strain is less than around 0.02. Then nonlinear yielding stages
are observed in the strain range from 0.02 to 0.15. The stress slightly increases (i.e., strain hardening) as the strain is larger than
around 0.15. However, necking occurs under 100 mm/min loading rate at two temperatures, namely 25 and 50 °C. The stress reduction under both loading conditions is significant as the strain is larger than 0.3. It is noted that the deformation at this stage is
inhomogeneous due to necking.
The loading rate significantly affects the yielding behavior of polyamide 6. Higher loading rate causes larger stress after the initial
elastic stage. However, the initial yield stresses are nearly identical for the three loading rates at each temperature. Furthermore, the
hardening rate at the last stage is slightly influenced by the loading rate. The temperature affects the initial elastic modulus and
nonlinear yielding behavior. The stress at a strain of 0.2 under the loading rate of 1 mm/min decreases from around 27 to 11 MPa as
the testing temperature increases from 25 to 80 °C. High temperature leads to low elastic modulus and initial yield stress.
It is noted that the glass-rubber transition temperature of polyamide 6 is around 50 °C. The chosen three testing temperatures span
the glass-rubber transition of this material. However, the stress-strain curves under these three temperatures have similar features
including initial elastic behavior and subsequent viscoplastic behavior. No distinct difference can be observed. Therefore, the effect of
the glass-rubber transition on the thermo-mechanical behavior is not obvious for polyamide 6.
3.2. Repeated loading tests
The repeated loading tests are used to investigate the damage evolution of polyamide 6. A deformed specimen is unloaded and
then reloaded to a larger deformation. The variation of the mechanical behavior is unveiled through multiple unloading-loading
processes. For metallic materials, the unloading process usually exhibits linear elasticity and the elastic modulus is the slope of the
unloading curve (Walvekar et al., 2014). However, the unloading curve of thermoplastic polymers is more complex with obvious
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Fig. 4. (a) Schematic of applied displacement history in repeated loading tests. Stress-strain curves of polyamide 6 under 10 mm/min loading rate at
three temperatures: (b) 25, (c) 50 and (d) 80 °C.

nonlinearities and hysteresis loops. Balieu et al. (2013) proposed a method to calculate the stiffness by using two points at the topright and bottom-left corners in the hysteresis loop. The non-damaged stiffness is determined from the elastic portion of the stressstrain curve. The damage evolution is then calculated according to the damaged stiffness and the non-damaged stiffness.
The repeated loading tests are conducted under 10 mm/min loading rate at three temperatures. The damage evolution results
under this moderate loading rate are used in the developed model to reproduce the stress-strain behavior under these three loading
rates. The higher loading rate of 100 mm/min is not used because of specimen necking. The thermostatic chamber in the monotonic
tests is also used in the repeated loading tests. Fig. 4(a) shows the schematic of displacement history applied on the specimens in
repeated loading tests. For each test, several unloading-loading processes are performed to obtain hysteresis loops at different strains.
The end of the loading process is controlled by the applied displacement. The maximum displacements in these processes are given as
3, 7, 10, 15, 20 and 24 mm. With significant plastic deformation, a compressive force will occur if the specimen is unloaded to zero
displacement. Therefore, the specimen is unloaded to a state with a small tensile force of 10 N. As the force on the specimen decreases
to this value, the unloading process is terminated and a loading process commences.
Fig. 4(b)-(d) display the stress-strain curves under 10 mm/min loading rate at three different temperatures. Two specimens are
used at each temperature. The applied displacements for these two specimens are identical. The discrepancies between their stressstrain responses are mainly caused by their slightly different gauge lengths. With this arrangement, more data points at each testing
temperature can be obtained. Furthermore, the scattering of mechanical properties of the specimens induced in the manufacturing
process also contributes to the discrepancies.
The shapes and sizes of the hysteresis loops evolve with increasing strain. The loops rotate gradually in a clockwise direction as
the strain increases, indicating the weakening of material properties. Furthermore, the loop size grows larger, which means that more
energy is dissipated in the unloading-loading process. The envelopes of the stress-strain curves are consistent with the curves obtained in the monotonic loading tests, indicating the testing repeatability on the mechanical behavior of the polymer. At 80 °C, the
force cannot decrease to 10 N at the end of the testing to trigger the status change from unloading to loading for the first specimen. In
addition, the displacement of 24 mm is not reached for the second specimen. Therefore, the number of hysteresis loops under this
temperature is less than those for other two temperatures.
Fig. 5 shows the damages calculated based on the information of hysteresis loops at these three temperatures. The plastic strain of
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Fig. 5. Experimental and model results of damage evolution of polyamide 6 under 10 mm/min loading rate at three different temperatures.

each damage point is the residual strain at the end of the unloading process. Damage increases rapidly as the plastic strain is less than
0.1 and then its increment rate slows down gradually. A damage plateau is reached as the plastic strain is larger than 0.2. Even
though temperature affects the shapes and sizes of the hysteresis loops, the damage values at the plateaus under these three temperatures fall in a relatively narrow range from 0.57 to 0.66. No clear distinction can be observed among these three groups of
damage data.
3.3. Parameter calibration procedure
The material parameters in the developed thermo-elastic-viscoplastic-damage model can be classified into five categories: Es , Eref ,
v and Tref in the stress calculation of branch A; Cr and N in the stress calculation of branch B; y , 0 , m , , and py in the viscoplastic
evolution model; Dc and in the damage evolution model; , c and k in the heat equation.
The stress-strain curves in the monotonic loading tests are used to calibrate the material parameters in the first three categories. It
is noted that tests with specimen necking are not suitable for the parameter calibration. Therefore, only seven groups of testing results
are used to determine the parameters. The elastic moduli under 10 mm/min loading rate at three different temperatures are determined from the elastic stages of stress-strain curves. Two parameters Es and Eref are obtained based on the relationship between
the elastic moduli and temperatures. The reference temperature is set as Tref = 25°C. The Poisson's ratio is set as v = 0.4 . The
parameter y can be determined as the initial yield stress beyond the elastic stage, which exhibits a linear relationship to the
temperature:
y (T )

=

yref

+

ys (T

(43)

Tref ),

where yref and ys are two material parameters. For parameters 0 , m , , py and in the viscoplastic flow equation, a numerical
procedure is needed to determine them. One 8-node coupled thermo-mechanical element with unit dimensions is built in the finite
element code ABAQUS to predict the stress-strain behavior of the polymer. Uniaxial tensile displacement controlled by the loading
rate is applied on the element. The element temperature is given according to the experimental condition in each monotonic test. The
calibration procedure for material parameters 0 , m , , py and is based on the comparison between the numerical stress responses
and the experimental results in the monotonic loading tests (two necking cases are not included). The obtained parameters need to
minimize the ratio of the least square residual to the sum of squares of the experimental stresses (Maurel-Pantel et al., 2015;
Polanco‐Loria et al., 2012):

R error =

n
i=1

( i ( i ) exp.
n
i=1

i ( i,

X )sim.)2

( i ( i) exp.)2

,

(44)

where the symbol X = [ 0 , m , , py , ] is the variables to be determined. Cr and N are obtained from the curves at large strain ranging
from 0.2 to 0.5. As the temperature has an insignificant influence on the hardening behavior in this strain range, a temperatureindependent parameter Cr is assumed. The parameters Dc and are determined from the results of damage evolution obtained from
the repeated loading tests. As shown in Fig. 5, an average damage value of 0.62 is used as the damage limit at these three temperatures. The maximum relative error between the experimental results and this average value is about 6%. Since the maximum
temperature increase is around 25 °C, the physical properties , c and k are assumed to be temperature-independent. The model
parameters and thermal properties for polyamide 6 are listed in Table 1.
The stress-strain curves of isothermal monotonic tests are obtained after the calibration of the material parameters, as shown in
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Table 1
Model parameters and thermal properties for polyamide 6.
Elastic properties

Strain hardening

Eref (MPa)

Es (MPa/oC)

v

Tref (oC)

Cr (MPa)

N

967

−14.4

0.4

25

6

9.17

Viscoplastic flow
yref

(MPa)

ys

15.0

(MPa/oC)

−0.22

Damage evolution

m

0

0.0015

15.0

py
0.9

0.03

0.19

Thermal properties
(kg/m3)

Dc
0.62

17.61

1140

c (J/(kg oC))

k (W/(m oC))

1700

0.28

Fig. 3. The calibration differences R error for seven groups of monotonic testing results are presented in Table 2. The maximum
difference is around 0.3%, indicating that an excellent agreement between the experimental and simulation results is achieved.
Therefore, the proposed model can reproduce the stress-strain behavior of polyamide 6 under tensile loading; these include the initial
elasticity, the nonlinear viscoplastic flow at moderate deformation and the strain hardening at large deformation under different
temperatures and loading rates. Furthermore, the damage evolution during deformation and its influence on the mechanical behavior
in the three stages are also considered in the model.
A discrepancy between the experimental and simulation curves is observed under two loading conditions (i.e., 100 mm/min 25 °C
and 100 mm/min 50 °C), especially at the last stage of deformation. Necking occurs in both cases as the strain is larger than 0.3. This
discrepancy may be attributed to the inhomogeneous deformation in the necking zone. The measured stress decreases significantly
after the onset of necking. However, the one-element modeling represents uniform deformation and thus the predicted stress continues to increase.
4. Model validation
The self-heating tests are conducted to investigate the mechanical behavior and temperature evolution of polyamide 6 under a
high loading rate. In conjunction with the finite element method, the developed model is used to predict the thermo-mechanical
response in the self-heating tests. The model is validated through the comparison between the numerical and experimental results.
4.1. Self-heating tests
The self-heating behavior during monotonic loading is measured through an infrared camera (FLIR system) at room temperature.
The surfaces of the specimen are painted black to have the surface emissivity close to unity. In addition, before the actual tests,
temperature calibration at the testing condition is conducted to ensure the accuracy of temperature measurements. No temperature
chamber is required in the tests. The loading rate of 120 mm/min is used in the tensile tests until specimen necking occurred. The
temperature evolution on the specimen surface is captured at a sampling frequency of 20 Hz.
Fig. 6 illustrates the evolution of the increment of maximum temperature and the tensile force in terms of deformation time.
Necking initiates in the reduced section of the specimen, with a distance of around 22 mm from the bottom clamp. The maximum
temperature occurs in the necking zone during the self-heating tests. Its position varies over time due to the increase in the length of
the necking zone. However, the exact position of the maximum temperature in the necking zone is not measured in the tests.
Temperature exhibits a significant increase in the first 12 s, and then comes to a plateau with a maximum increment of around 25 °C.
A slight decrease in the temperature is observed in the plateau. The tensile force increases rapidly and reaches the maximum at 3.5 s.
Table 2
Material parameter calibration errors for seven groups of monotonic tests.
Temperature (°C)

Loading rate (mm/min)

R error (%)

25

1
10
1
10
1
10
100

0.052
0.11
0.28
0.079
0.30
0.2
0.28

50
80
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Fig. 6. In terms of deformation time for polyamide 6 at 120 mm/min loading rate and room temperature, experimental and numerical results of the
evolution of (a) the increment of maximum temperature and (b) the tensile force.

After that it begins to decrease, indicating the onset of specimen necking. However, necking is not obvious until approximately 10 s.
The force finally becomes constant after around 15 s.
4.2. Finite element simulation
The finite element model of the testing specimen is established in ABAQUS according to the specimen dimensions. The 8-node

Fig. 7. Mechanical and thermal boundary conditions on the specimen.
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coupled thermo-mechanical elements are used. One end of the specimen clamped by the testing machine is fixed and a tensile
displacement is applied on the other end of the specimen, as shown in Fig. 7. The environment temperature is set as the room
temperature in the self-heating tests. The heat convection boundary condition is given on the surfaces of the specimen:

n(k T ) = h (T

(45)

Tenv ),
2o

where the vector n represents the normal direction of a specimen surface. The convection coefficient h = 25 W/(m C) is used in the
modeling (Bai et al., 2015; Shen et al., 2018). A geometrical imperfection is set on the specimen to provide the initiation position of
necking.
4.3. Model validation
The self-heating tests under 120 mm/min loading rate at room temperature are simulated by the developed model to predict the
self-heating and mechanical behavior of polyamide 6. The predicted results of the temperature increment and the load evolution
curves are compared with the experimental data. The temperature increase stage and the temperature plateau stage are reproduced
by using the developed model, see Fig. 6(a). The predicted time reaching the plateau is consistent with the experimental result. The
maximum difference between the temperature increments obtained from the testing and modeling is around 3.3%. The proposed
model can provide an accurate prediction of the load evolution in the first 10 s. However, the predicted load at the last stage of the
deformation deviates from the testing result as shown in Fig. 6(b). The predicted final stable stage occurs earlier than the experimental results. It indicates the limitation of the developed model in predicting the final stable stage of necking.
Fig. 8(a) and (b) illustrate the predicted damage and temperature distributions on the specimen surface at three time instances,
namely 3.5, 10 and 15 s. The two clamped ends of the specimen by the testing machine are not shown in this figure. The stress
concentration occurs in the section with the geometrical imperfection. It causes a localized increase of the damage, and thus the
temperature under tensile loading. At 3.5 s, significant damage up to around 0.5 is localized in the entire cross section. Furthermore,
the temperature of this section is higher than those of other regions. The maximum temperature increment is around 4 °C. The
material weakening due to the damage and temperature rise causes a significant increase of the strain in the section. However, the
contribution of damage is much larger than that of thermal softening. After this time, the predicted tensile load begins to decrease
even though the specimen is still stretched. Necking is clearly visible after around 10 s, which agrees well with the experimental
observation. The increment of the surface temperature is significant in the necking section due to the huge plastic deformation. The
damage distribution in the reduced section becomes uniform at 10 s because the damage for all the materials reaches the limit Dc .
Fig. 8(c) shows the experimental observations of the surface temperature distributions at three time instances. By comparing the
experimental and predicted results, excellent agreements on the temperature evolution have been achieved.
Fig. 9 shows the evolutions of the viscoplastic and damage energy accumulations for the material in the necking section. It is
noted that the energy accumulation is the summation of the dissipated energies at all time steps rather than the energy dissipation at
the current step. The variation of the damage energy accumulation is similar to the damage evolution determined in the repeated
loading tests. A limit of the damage energy accumulation is reached after about 6 s. After that, the contribution of damage on selfheating vanishes because the damage is unchanged. However, the viscoplastic energy accumulation still increases because of specimen necking. It reaches a plateau with a maximum value of around 48 MPa after 15 s. The energy dissipated in the viscoplastic
deformation is about one order larger than the damage energy. Therefore, the viscoplastic energy dissipation is the dominant heat
source for causing the significant increase of temperature after the onset of specimen necking.
5. Conclusions
The thermo-mechanical behavior of polyamide 6 consists of three stages: the initial temperature-dependent elastic behavior, the
nonlinear yielding with temperature and loading rate dependencies, and the strain hardening at large strain.
Self-heating and mechanical behavior including the damage evolution at large deformation of polyamide 6 are experimentally
investigated through three types of tests. The monotonic loading tests are conducted to evaluate the stress-strain responses at different temperatures and loading rates. The repeated loading tests under different temperatures are performed to evaluate the damage
evolution described by the reduction of material stiffness. The self-heating tests are performed to capture the temperature evolution
of specimens at high loading rate.
The influence of temperature on damage evolution is investigated. The damage at each temperature starts with a rapid increase
and then reaches a plateau. No clear distinction can be observed among the damage data under the three temperatures investigated.
The temperature evolution after the onset of necking is obvious in the self-heating tests and the large temperature increment localizes
in the necking zone.
A thermo-elastic-viscoplastic-damage model is developed within the thermodynamic framework to interpret the temperature
evolution and thermo-mechanical behavior of polyamide 6 at large deformation. The relationships between stress, strain, damage,
temperature and loading rate are considered in the model. The temperature evolution is evaluated through consideration of energy
dissipation from both the viscoplastic deformation and the damage process. The model parameters are calibrated from the results of
the monotonic and repeated loading tests. The proposed model is then used to predict the temperature evolution and mechanical
response in the self-heating tests. The predicted results of temperature increment and load evolution agree well with the experimental
data.
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Fig. 8. Distributions of (a) predicted damage, (b) predicted temperature increment and (c) measured temperature on the specimen surface at 3.5, 10
and 15 s.

240

International Journal of Plasticity 121 (2019) 227–243

F. Shen, et al.

Fig. 9. Evolutions of the viscoplastic and damage energy accumulation with respect to time for a material point in the necking section.
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Appendix A. Derivation of Cauchy stress in branch A
The Cauchy stress in the intermolecular resistance is derived through Eqs. (15) and (28). To calculate the derivative of ln U eA with
respect to CeA , the Helmholtz free energy A is described by the principal elastic logarithmic strain (Bouvard et al., 2013):
A

=

(1
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