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a b s t r a c t
This study develops an elasto-plastic-damage model to investigate the spalling initiation and propagation behavior
of bearings under rolling contact fatigue loading. The intrinsic coupling relationship between the fatigue damage
and the elasto-plastic behavior of materials is considered by specifying the damage-related Helmholtz free energy
and dissipative potential function in the thermodynamic framework. The damage evolution law is derived based
on the plastic strain and the non-proportional cyclic stress. The developed model is implemented into ﬁnite
element analysis for rolling contact of cylindrical bearings to evaluate the evolutions of the stress, strain and
fatigue damage. The initiation and propagation processes of spalling in bearings are simulated. The predicted
results of the spalling lifetime are compared with the experimental data from the literature. The damage-induced
plastic deformation causes the shear stress-strain curve to possess hysteresis loops. It is observed that the fatigue
damage competes with the plastic deformation to inﬂuence the shear stress that plays a major driving role in
spalling. Moreover, the eﬀects of the contact pressure and the coeﬃcient of friction on the spalling process are
studied.

1. Introduction
Spalling is a dominant failure mode of rolling contact fatigue (RCF)
in bearings under severe loading [1–3]. It commonly starts with cracks
initiated in the subsurface of inner and outer rings due to the formation
and coalescence of micro-voids or micro-cracks. The cracks then propagate towards the contact surface, causing the removal of bulk materials.
The spalling process is diﬃcult to detect and measure through experimental methods. Therefore, it is of practical and academic signiﬁcance
to develop numerical approaches for integrity assessment of bearings
under RCF loading.
RCF in bearings experiences several unique features due to the
rolling between contacting components. The contact between rings and
rollers causes severe stress concentration. High contact stress is localized in a small zone and plastic strain may occur in the subsurface of
bearings. The stress at a material point in the ring varies during the
rolling process. Furthermore, this cyclic stress exhibits non-proportional
behavior, i.e., the variations of the stress components in one cycle are
not consistent. Lubrication aﬀects the RCF behavior of rolling bearings.
Fine lubrication condition reduces the contact stress and the wear of
rollers and rings, which postpones or even prevents the formation of
spalling in bearings. The features mentioned above cause complicated
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stress status in bearings so that the spalling in RCF is diﬃcult to investigate.
The accurate prediction of the contact and subsurface stresses is
the prerequisite for the further modeling of spalling. The contact problem of rollers and rings was commonly simpliﬁed as a two-dimensional
contact problem [4–10]. The contact pressure was assumed to have a
Hertzian distribution for calculation of the subsurface stresses in the
rings. This simpliﬁcation might be suitable for the cylinder-ﬂat contact
under an elastic deformation assumption. However, the contact pressure
distribution in bearings is more complicated than the Hertzian distribution. More importantly, it changes gradually during the rolling process.
Therefore, a more accurate numerical method is needed to evaluate the
contact and subsurface stresses in bearings. Arakere et al. [11] used the
ﬁnite element method to conduct stress modeling for ball bearings. Li
et al. [12] used the same method to calculate the stress and strain distributions in cylindrical beatings.
Based on the obtained stress and strain results, the RCF lifetime
of bearings can be predicted by probabilistic and deterministic models
[10]. Lundberg and Palmgren [13] ﬁrstly proposed an empirical probabilistic model for RCF relating the bearing lifetime for 10% probability of failure to the maximum orthogonal shear stress. Extensive models based on this pioneering work have been developed to consider the
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eﬀects of plastic behavior, defect type and geometry, and coeﬃcient of
friction on the contact stress ﬁeld and fatigue lifetime [10]. Based on
numerous experimental results, the probabilistic models were proposed
by directly correlating the survival probability of bearings with several
controlling factors. However, the intrinsic mechanisms of spalling such
as the initiation and propagation stages were not considered in the models. Several deterministic models have thus been proposed to predict the
lifetime of spalling initiation and propagation [10]. Liu et al. [14] developed a critical plane method for RCF to predict the crack initiation lifetime of railroad wheels. Jiang and Sehitoglu [15] implemented a multiaxial fatigue damage model in an elasto-plastic ﬁnite element analysis
of RCF to evaluate the crack initiation behavior. Zhou et al. [16,17] developed an analytical model to predict the total lifetime of bearings, in
which the crack propagation lifetime was predicted using the Paris law.
However, the deterministic models could not provide a detailed description of the fatigue damage process in spalling. The non-proportional behavior of cyclic stress was not considered in these models. Furthermore,
the coupling relationship between the fatigue damage and stress-strain
response was not included.
The continuum damage mechanics (CDM)-based approach is a powerful method to consider the fatigue damage process in fatigue problems.
A damage variable (scalar or tensor) is introduced to represent the average material degradation at the macroscopic scale induced by microvoids and micro-cracks [18–24]. The coupling relationship between the
fatigue damage and stress-strain response is considered in the thermodynamic framework. Fatigue damage weakens material properties such
as the Young’s modulus, yield limit and hardening modulus. Conversely,
the evolution of fatigue damage is controlled by the history of stress and
strain ﬁelds. The damage gradually increases with an increased number
of cyclic loading. As the damage at a material point reaches a critical
value, the material loses its loading capacity, indicating the initiation
of a crack there. Afterwards, the crack propagates from the initiation
point. Therefore, the CDM-based approach has been used to investigate
the damage process in various fatigue problems [25–29]. Warhadpande
et al. [9] evaluated the eﬀect of plasticity on the RCF spalling through
a Voronoi tessellation-based ﬁnite element model. The damage variable
was included in a bilinear elasto-plastic constitutive law. The crack initiation and propagation were modeled by the separation of elements
along their edges. Walvekar et al. [4] used a similar method to predict the RCF behavior of case-carburized steels in which the residual
stress and inclusions induced by the carburizing process were considered. More recently, Li et al. [12] proposed an elastic damage model in
conjunction with ﬁnite element modeling of cylindrical bearing rolling
to evaluate the subsurface-initiated spalling.
It should be highlighted that the rolling process of bearings was not
modeled in the CDM-based approaches [4,9]. The constant Hertzian contact pressure was used to calculate the subsurface stresses and therefore
the variation of the contact pressure in the rolling process was not considered. Furthermore, these approaches might encounter a severe numerical convergence problem because the elements near the crack tips
were not reﬁned after the crack initiation caused by the separation of element edges. For the CDM-based approach in [12], elastic deformation
was assumed and thus plastic deformation and relevant plastic damage
could not be accounted for.
The present study proposes an elasto-plastic-damage model to investigate the initiation and propagation of spalling in bearings under
RCF loading. A damage-coupled elasto-plastic constitutive model is used
to calculate the stress and strain ﬁelds. The plastic strain and nonproportional cyclic stress are used to calculate the evolution of fatigue
damage. The model considers the coupling relationship between the fatigue damage and the stress-strain response. The rolling process between
the roller and ring is simulated in ﬁnite element analysis to obtain an accurate prediction of the varying surface contact pressure and subsurface
stresses. The initiation and propagation processes of spalling are evaluated using the developed model and the predicted results are compared
with experimental data.
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2. Elasto-plastic-damage model
2.1. Damage-coupled elasto-plastic constitutive model
The thermodynamic framework is simply revisited to develop the
constitutive model considering plastic deformation and damage. The
Helmholtz free energy includes three contributions from elasticity,
isotropic hardening and kinematic hardening behavior [19,20]:
(
)
1
1
𝑐
𝜌𝜓 = 𝐂(1 − 𝐷)𝜺e ∶ 𝜺e + 𝑅∞ 𝑟 + exp(−𝑏𝑟) + 𝜶∶𝜶,
(1)
2
𝑏
3
where the ﬁrst term C(1 − D)𝜺e : 𝜺e /2 denotes the damage-related elastic strain energy density in which C is the fourth-order elastic tensor, 𝜺e is the elastic strain tensor, and D is a damage variable and a
scalar because isotropic damage is used in the study; the second term
R∞ (r + exp ( − br)/b) denotes the isotropic hardening-related energy in
which the scalar r is an internal variable and its associated variable R
represents the increment of the yield limit; the last term c𝜶: 𝜶/3 denotes
the kinematic hardening-related energy in which the tensor 𝜶 is also an
internal variable and its associated tensor X is the backstress describing
the movement of the center of a yield surface. The variables R∞ , b and c
are material parameters. The status functions can be obtained according
to the damage-related Helmholtz free energy [19,23,30]:
𝝈=𝜌
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(4)

𝑌 = −𝜌
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,
𝜕𝐷

(5)

where Y is the work-conjugate associated variable of the damage.
Eqs. (2)–(4) will be used in the deduction of the constitutive model.
The evolution laws of these internal variables including plastic strain
𝜺p are determined by a dissipative potential function that fulﬁls the second thermodynamic principle. Similar to the Helmholtz free energy, the
dissipative potential function used in this study includes three components [20]:
[(
]
)
3𝛾
𝝈
𝜑=
−𝐗
− 𝜎Y − 𝑅 +
𝐗 ∶ 𝐗 + 𝐹𝐷 ,
(6)
1−𝐷
4𝑐
eq
where the ﬁrst term (𝝈/(1 − D) − X)eq − 𝜎 Y − R is the von Mises yield
criterion, with the subscript “eq” indicating the calculation of von Mises
stress and 𝜎 Y being the initial yield limit; and the second term 3𝛾X: X/4c
and the third term FD are the plastic and damage dissipative potentials,
respectively. The evolution laws are written as [19,23,30]
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𝜕𝜑
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,
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(10)

where 𝜆̇ is the plastic multiplier; r represents the direction of the plastic strain; s is the deviator stress tensor, i.e., s = 𝝈 − trace(𝝈)I/3; 𝛾 is
a
√material parameter. The equivalent plastic strain is deﬁned as 𝑝̇ =
̇
2𝛆̇ p ∶ 𝛆̇ p ∕3 = 𝜆∕(1
− 𝐷). Especially, several components of the backstress rather than one component are usually used to provide a more
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accurate prediction of the mechanical behavior [31]. Therefore, the rate
of the backstress is obtained according to Eqs. (4), (7) and (9) [31]:
𝐗=

𝑀
∑

𝐗(𝑘) ,

(11)

𝑘=1

(
)
2
𝐗̇ (𝑘) = (1 − 𝐷) 𝑐𝑘 𝛆̇ p − 𝛾𝑘 𝑝̇ 𝐗(𝑘) ,
(12)
3
where M is the number of backstress components. The evolution law of
the isotropic hardening is written as [31]
(
)
𝑅̇ = 𝑏(1 − 𝐷) 𝑅∞ − 𝑅 𝑝̇ .
(13)
The isotropic hardening and the kinematic hardening are used together to model the cyclic hardening behavior of materials under RCF
loading [32–34]. A similar model without damage has the capacity to
describe the ratcheting behavior of materials under conventional cyclic
loading [31,35–37], fretting loading [38] and RCF loading [39,40]. With
the presence of fatigue damage, the interaction between the damage and
ratcheting can be considered in the damage-coupled elasto-plastic constitutive model.
2.2. Damage evolution law
The history of stress and strain in bearings exhibits non-proportional
behavior. Therefore, conventional multiaxial damage evolution models
using the maximum equivalent stress or strain within one cycle cannot directly be used for RCF analysis. The whole history of stress and
strain should be considered. Furthermore, plastic deformation in bearings also causes the damage increment, which is diﬀerent from the case
of pure elastic deformation. The stress-related variables, such as von
Mises stress, damage equivalent stress and shear stress, are commonly
used to govern the damage evolution under the elastic deformation condition. For the cases where plastic deformation is signiﬁcant (low-cycle
fatigue), the equivalent plastic strain is used to determine the fatigue
damage evolution. In the present study, these two types of damage evolution laws are used together for RCF analysis.
A stress-based evolution law is used to determine the elastic damage evolution, in which the non-proportional behavior of cyclic stress is
considered [12]:
(
)𝑞
d𝐷e
Δ𝜏8
=
,
(14)
d𝑁
𝜏𝑟 (1 − 𝐷)
( (
)(
))
1
3
Δ𝜏8 = max max
− 𝑠𝑖𝑗,𝑡𝑙 𝑠𝑖𝑗,𝑡𝑘 − 𝑠𝑖𝑗,𝑡𝑙 ,
(15)
𝑠
2 𝑡𝑘 𝑡𝑙
2 𝑖𝑗,𝑡𝑘
where Δ𝜏 8 is the amplitude of the maximum octahedral shear stress
calculated using stress components at all time steps within one cycle;
𝑠𝑖𝑗,𝑡𝑘 and 𝑠𝑖𝑗,𝑡𝑙 are the deviatoric stress components at times tk and tl
within one cycle, respectively; 𝜏 r and q are material parameters. A plastic strain-based evolution law is used to calculate the plastic damage
evolution [9,23]:
( (
)2 )𝑚
∗
d𝐷p
𝜎max
=
Δ𝑝,
(16)
d𝑁
2𝐸𝑆 (1 − 𝐷)2
1∕2

𝜎 ∗ = 𝜎eq 𝑅𝑣 ,

(17)

∗
where 𝜎max
is the maximum damage equivalent stress within one cycle;
Δp is the equivalent plastic strain increment; Rv is the stress triaxiality, i.e., Rv = 2(1 + 𝜈)/3 + 3(1 − 2𝜈)(𝜎 H /𝜎 eq )2 where 𝜎 H is the hydrostatic
stress; S and m are material parameters.
The total damage increment is calculated as the summation of the
elastic and plastic damage increments [23]:
d𝐷e d𝐷p
d𝐷
=
+
.
(18)
d𝑁
d𝑁
d𝑁
The total damage is reduced to the elastic damage in the case of
elastic deformation. The plastic damage becomes dominant compared
to the elastic damage when the plastic strain is large. Therefore, the
damage evolution law can be used to investigate the damage behavior
in both high-cycle and low-cycle fatigue problems.

Fig. 1. (a) Finite element model of cylindrical bearings, and (b) loading history of the normal force, displacement along the x-direction and rotation angle
applied on the roller center.

3. Numerical implementation
3.1. Finite element modeling of rolling contact in bearings
The ﬁnite element model of a cylindrical bearing is established in
the commercial software package ABAQUS. The diameter of the roller
is set as 9 mm. A portion of one roller and a section of the out ring
are extracted from the entire bearing to model its rolling contact, as
shown in Fig. 1(a). The curvature of the out-ring section is not considered. The plane-strain elements are used in the modeling. The contact
zones in the roller and out ring are ﬁne meshed by elements with the
minimum dimension of around 0.015 mm, while the other zones are
coarsely meshed. As the roller material Si3 N4 is harder than the ring
material AISI 52100, the circular surface of the roller is the main contact surface and the raceway surface of the out ring is the slave contact
surface. The frictional behavior is deﬁned by the Coulomb friction law.
As it is diﬃcult to determine the coeﬃcient of friction in the bearing,
several coeﬃcients ranging from 0.02 to 0.1 are used to study their effect on the initiation and propagation of spalling. The origin point of a
coordinate system is set at the center of the contact surface on the ring.
Fig. 1(b) shows the loading history applied on the roller. A small
normal force is ﬁrstly applied on the roller center through multi-point
constraints. This force then increases to cause the peak contact pressure
to reach a given maximum value, namely the maximum peak contact
pressure. The inﬂuence of the maximum peak contact pressure on the
spalling is evaluated using the proposed model. Three maximum peak
values ranging from 2000 to 2500 MPa are used in the modeling. The
normal force remains unchanged after the maximum peak contact pressure is reached. The rolling process of the bearing is simpliﬁed as the
repeated rolling of one roller on the out ring [12]. Therefore, the cyclic
rotation and translational displacement are then applied on the roller
center. The rotational angle and the displacement are 0.05 radians and
0.45 mm, respectively. The bottom surface and two side surfaces of the
out ring are ﬁxed in the rolling process.
The roller material Si3 N4 is treated as an elastic material. The
Young’s modulus and Poisson’s ratio are 300 GPa and 0.3, respectively.
Since spalling mainly occurs in the ring, the fatigue damage of the
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Table 1
Material parameters of the elasto-plastic-damage model for AISI 52100.
E (MPa)

𝜈

𝜎 Y (MPa)

R∞ (MPa)

b

c1 (MPa)

c2 (MPa)

152,000
𝛾1
1000

0.3
𝛾2
55.9

1500
𝜏 r (MPa)
4991

315.87
q
10.1

56.09
S (MPa)
100

593,303
m
4.12

4788.5

and isotropic hardening behaviors has been used in some other studies
[43–45]. The present study also uses the combined hardening model.

3.3. Damage accumulation and stress update algorithm

Fig. 2. Experimental and modeling data of the compressive stress-strain response of the bearing material AISI 52100.

roller is not considered. The ring material AISI 52100 exhibits damagecoupled elasto-plastic deformation behavior. The material density is
7800 kg/m3 . The distributions of stress, strain and damage in the out
ring are calculated by implementing the developed model into ABAQUS
through the explicit and implicit subroutines. However, the results obtained by the explicit implementation are sensitive to the simulation parameters including the time step length. The results from the explicit implementation should be validated in comparison with those from the implicit implementation. It is noted that the implicit solver suﬀers a severe
convergence problem in modeling the rack propagation even though
it can be used to calculate the crack initiation [23,25]. Therefore, the
spalling propagation is simulated through the explicit solver.
3.2. Determination of the material parameters
The material parameters are determined from compression and fatigue testing results. The rate equations in the constitutive model can be
integrated into a closed form under the uniaxial condition. Damage is
not considered in the determination of the material parameters because
the virgin material is used for compression testing. The stress-strain relationship is written as
(
)
𝜎 = 𝜎Y + 𝑅∞ 1 − exp(−𝑏𝜀p ) +

𝑀
∑
𝑘=1

)
𝑐𝑘 (
1 − exp(−𝛾𝑘 𝜀p ) .
𝛾𝑘

(19)

Fig. 2 shows the model ﬁtting of the experimental stress-strain response for the bearing material AISI 52100 from the literature [34]. In
fact, the stress-strain curves were obtained under three diﬀerent temperatures (room temperature, 200 °C and 400 °C). Since bearings are
running with a high rotation speed and high-pressure oil lubrication,
the temperature on the ring raceway can reach up to 150 °C or even
higher. Therefore, the stress-strain response under 200 °C is used to determine the material parameters in the damage-coupled elasto-plastic
model. Two backstress components (M = 2) are used in the ﬁtting. The
parameter determination methods for the damage evolution law refer
to Refs [9,12]. All the material parameters in the developed model are
listed in Table 1.
Several linear kinematic hardening models were used to describe
the stress-strain behavior of the material AISI 52100 [9,41,42]. The
isotropic hardening law was not considered in these models. However,
the kinematic hardening law alone could not provide an accurate prediction of the stress-strain response including the ratcheting behavior
[31]. Therefore, a combined hardening model including both kinematic

For the explicit implementation, the whole algorithm includes two
parts: the calculation of stress and strain and the calculation of fatigue
damage accumulation. The rate equations in the model are solved by
p
an incremental method. The variables 𝝈 n , 𝜺n , 𝜺𝑛 , 𝐗(𝑛𝑘) , Rn , pn and Dn at
the time step n are updated at the next time step. The stress and strain
are obtained at all the time steps within each loading cycle. However,
the fatigue damage increases over cycles, which is updated at the end
of each loading cycle. Within each cycle, the damage is treated as a
constant. As the lifetime of bearings is on the order of millions of cycles,
it is impossible to calculate the damage accumulation after each loading
cycle due to tremendous computational cost. Therefore, the results of the
stress, strain and damage are assumed to remain unchanged within ΔN
cycles. The damage increment after ΔN cycles is calculated by simply
multiplying the damage increment in one cycle by ΔN [9,20,30,46,47]:
𝐷𝑛+1 = 𝐷𝑛 +

d𝐷
Δ𝑁,
d𝑁

(20)

where dD/dN is determined by the damage evolution law according to
the results of stress and strain at the time step n. If the time step n + 1
is not at the end of a loading cycle, the damage is not updated, i.e.,
Dn + 1 = Dn .
After the damage accumulation, the stress and strain can be obtained
by using the damage-coupled constitutive model. The increment of the
total strain Δ𝜺 is known at the beginning of the time step n + 1. The
incremental equations of the strain, equivalent plastic strain and stress
are written as [48]
𝜺𝑛+1 = 𝜺𝑛 + Δ𝜺,
p

p

(21)
p

𝜺𝑛+1 = 𝜺𝑛 + Δ𝜺p = 𝜺𝑛 + 𝐫𝑛+1 Δ𝑝,

(22)

𝑝𝑛+1 = 𝑝𝑛 + Δ𝑝,

(23)

𝝈 𝑛+1 = 𝝈 𝑛 + 𝐂(1 − 𝐷𝑛+1 )(Δ𝜺 − Δ𝜺p ),

(24)

where Δ𝜺p is the increment of plastic strain. The increment of elastic
strain is calculated as Δ𝜺e = Δ𝜺 − Δ𝜺p . The backstress components can
be written as
2
)
)
𝐗(𝑛𝑘+1
= 𝐗(𝑛𝑘) + (1 − 𝐷𝑛+1 )( 𝑐𝑘 Δ𝜺p − 𝛾𝑘 𝐗(𝑛𝑘+1
Δ𝑝).
3

(25)

Thus, the total backstress is given as
𝐗𝑛+1 =

𝑀
∑
𝑘=1

(
)
1
2
𝐗(𝑛𝑘) + (1 − 𝐷𝑛+1 )𝑐𝑘 Δ𝜺p .
1 + (1 − 𝐷𝑛+1 )𝛾𝑘 Δ𝑝
3

The increment of the yield limit is written as
(
)
𝑅𝑛+1 = 𝑅∞ 1 − exp(−(1 − 𝐷𝑛+1 )𝑏𝑝𝑛+1 ) .

(26)

(27)

These variables at the time step n + 1 should fulﬁll the yield function. Substituting Eqs. (21)–(27) into the von Mises yield function
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leads to
(

𝐬𝑛+1
− 𝐗𝑛+1
1 − 𝐷𝑛+1

(

)

)
𝑀
∑
𝝈𝑛
1
+ 𝐂Δ𝜀) −
𝐗(𝑛𝑘)
1 − 𝐷𝑛+1
1 + (1 − 𝐷𝑛+1 )𝛾𝑘 Δ𝑝
dev
𝑘=1
eq
(
)
𝑀
∑
1
− 3𝐺 +
(1 − 𝐷𝑛+1 )𝑐𝑘 Δ𝑝
1 + (1 − 𝐷𝑛+1 )𝛾𝑘 Δ𝑝
𝑘=1
(
)
= 𝜎Y + 𝑅∞ 1 − exp(−(1 − 𝐷𝑛+1 )𝑏𝑝𝑛+1 ) .
(28)
=

eq

(

The above equation is a nonlinear function of the variable Δp, which
is calculated using the Newton–Raphson method. Afterwards, the varip
)
ables 𝝈 n + 1 , 𝜺n + 1 , 𝜺𝑛+1 , 𝐗(𝑛𝑘+1
, Rn + 1 and pn + 1 at the time step n + 1 can
be determined. The backward Euler method is applied in the stress update algorithm to ensure that the yield function be satisﬁed at all time
steps.
The same algorithm for the damage evolution and stress update is
used in the implicit implementation. Furthermore, the consistent tangent modulus for the stress update algorithm should be provided to calculate the strain increment at the next time step:
𝐂𝑎 lg =

d𝝈 𝑛+1
.
d𝜺𝑛+1

(29)

The results of the stress and fatigue damage obtained through the explicit and implicit implementations are compared. Moreover, the number of ΔN aﬀects the prediction accuracy of the fatigue lifetime. Although ΔN should be small enough to obtain convergence results for
the damage evolution and fatigue lifetime, a too small value of ΔN will
result in a tremendous computational cost. Thus, a trade-oﬀ is required
between the simulation convergence and the computational eﬃciency.
A suitable value of ΔN is chosen through multiple attempts for the convergence prediction of spalling lifetime [25].
3.4. Modeling of spalling initiation and propagation
As the roller rolls cyclically on the out ring, the stress and strain
distributions in two contacting components are calculated at each time
step. The fatigue damage of the out ring is also obtained every ΔN cycles. The damage limit is set as 0.95 rather than 1 to avoid numerical
singularity because the term (1-D) acts as a denominator in the model.
When the damage of an element reaches this value, spalling initiates
and the lifetime of spalling initiation is recorded. The damage of this element remains unchanged after the initiation. The damage of other elements gradually reaches 0.95 during subsequent loading cycles. A piece
of material is chipped out as a completely damaged element reaches the
contact surface of the out ring.
4. Results and discussion
4.1. Comparison of the explicit and implicit implementation results
The loading condition with the maximum peak contact pressure of
pmax = 2500 MPa and the coeﬃcient of friction of 𝜇 = 0.05 is simulated
using the explicit and implicit implementations. The number ΔN is set
to be 1 × 104 cycles for both numerical methods. Fig. 3(a) shows the
results of the contact pressure distribution in the ﬁrst cycle obtained
by both methods. Two curves including the contact width are nearly
identical, indicating the consistent of the stress calculation through two
implementations. Fig. 3(b) illustrates the comparison between the damage evolution results at the spalling initiation position predicted by the
explicit and implicit implementations. Slight discrepancy is observed for
two damage evolution curves before 1.1 × 106 cycles, which is mainly
attributed to the minor diﬀerence between the subsurface stress distributions obtained by two implementations. The maximum fatigue damage
in this stage is around 0.3. However, as the fatigue damage accumulates
over cycles, the discrepancy of two damage evolution results become
large after 1.1 × 106 cycles. Afterwards, the fatigue damage increases
rapidly since the plastic strain and the related plastic damage becomes

Fig. 3. Comparison between the results obtained by the implicit and explicit methods: (a) contact pressure distribution in the ﬁrst cycle and (b)
damage evolution at the spalling initiation position for the simulation case
(pmax = 2500 MPa, 𝜇 = 0.05).

dominant at a high damage level. The discrepancy between the spalling
initiation lifetimes obtained by the explicit and implicit implementations is around 9%.
For the same simulation condition of pmax = 2500 MPa and 𝜇 = 0.05,
the smaller number of ΔN=5 × 103 cycles is used for the explicit implementation to validate the convergence of the predicted fatigue lifetime.
Fig. 4 depicts the comparison between the step-wise damage evolution
results obtained by the explicit method under two diﬀerent numbers
of ΔN, and the result diﬀerence is negligible, indicating the result convergence. Therefore, the number ΔN is set to be 1 × 104 cycles for this
simulation condition to save computational cost. Note that the suitable
number of ΔN varies for diﬀerent simulation conditions.
4.2. Initiation and propagation of spalling
Fig. 5 shows the damage distributions in the ring after diﬀerent numbers of loading cycles under the loading condition of pmax = 2500 MPa
and 𝜇 = 0.05. The fatigue damage zone ﬁrstly occurs beneath the contact
surface of the ring. The ﬁrst element that reaches the damage value of
0.95 is located at the depth of around 0.2 mm, indicating the initiation of
spalling at 1.1 × 106 cycles. The material near this element also experiences high damage, which cover a horizontal length of around 0.25 mm
smaller than the displacement applied on the roller. If the applied
displacement increases, the length covered by the damaged elements
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Fig. 4. Comparison between the step-wise damage evolution results obtained
by the explicit method under two diﬀerent numbers of ΔN (1 × 104 and 5 × 103
cycles) for the simulation case (pmax = 2500 MPa and 𝜇 = 0.05).

Fig. 6. (a) Evolution of the surface contact pressure distribution of the ring,
and (b) evolution of the von Mises stresses along the depth direction of the ring
(pmax = 2500 MPa and 𝜇 = 0.05).

Fig. 5. Evolution of the damage distribution in the ring under the simulation
condition of pmax = 2500 MPa and 𝜇 = 0.05.

will increase. After the initiation of spalling, the damage of the elements
near the initiation point also reaches 0.95 quickly. The propagation of
spalling after 1.12 × 106 cycles is nearly along the horizontal direction.
Then the damaged elements gradually move to the contact surface. A
piece of material is ﬁnally chipped out after 1.2 × 106 cycles. The direction of the spalling propagation is around 21.8° with respect to the
horizontal direction. The length of the spalling is about 0.87 mm. The fatigue lifetime of the spalling propagation is about 1 × 105 cycles, which
is one order of magnitude less than the spalling initiation lifetime. The
initiation of spalling consumes nearly 90% of the total fatigue lifetime
of bearings. Therefore, it is critical to detect the initiation of spalling in
bearings through non-destructive testing.
In the present study, the material of the cylindrical bearings is assumed to be perfect without the presence of inclusions. If inclusions are
present in a material, they will cause stress concentration to provide

sites for crack initiation and greatly facilitate the initiation process. As
a result, the initiation stage of spalling will account for only a small
fraction of the total fatigue lifetime. An experimental study on the RCF
behavior of GCr15 bearings revealed that subsurface micro-cracks initiated at the tips of inclusions made of ferric oxide and the crack initiation
duration accounted for about 10% of the total fatigue lifetime [49].
The predicted results of the spalling lifetime are compared with the
experimental results in [50]. In the experiment, the roller diameter of
the cylindrical bearings made of AISI 52100 steel in the experiment was
9 mm, a value taken in the present simulation; the peak contact pressure
was 2410 MPa and the total spalling lifetime was 1.53 × 106 cycles. In
the simulation, the spalling lifetimes obtained under two peak contact
pressures, i.e., 2250 and 2500 MPa, are 2.9 × 106 and 1.2 × 106 cycles,
respectively. The experimental data of the peak contact pressure and
the spalling lifetime fall in the range of the simulation data, indicating
that the developed elasto-plastic-damage model can provide reasonable
prediction of bearing spalling under RCF loading.
4.3. Contact pressure, subsurface stress and fatigue damage evolution
Fig. 6(a) plots the evolution of the contact pressure distribution on
the ring. Since neither fatigue damage nor plastic deformation is present

F. Shen and K. Zhou

within the ﬁrst cycle, the small discrepancy between the contact pressure distribution and the Hertz theoretical solution during that cycle
may be due to the ﬁnite dimensions of the ring in the modeling. As the
number of loading cycles increases to 8 × 105 cycles, the peak contact
pressure decreases from the initial value of 2500 to 2370 MPa. The maximum damage of 0.166 is located at a depth of about 0.2 mm beneath
the surface during this cycle. Thus, the fatigue damage distribution has
a negligible eﬀect on the surface contact pressure. The normal force is
carried by a layer of undamaged material at the contact surface. However, after 1.2 × 106 cycles, the contact pressure no longer exhibits a
Hertzian distribution. The contact pressure in the contact zone of − 0.4
< x < 0.4 mm decreases signiﬁcantly. This is because the completely
damaged elements reach the contact surface during the process of crack
propagation. The elements in this contact zone have degraded material
properties due to high fatigue damage. Furthermore, the contact width
increases from around 0.8 to 1 mm. The pressure peaks occur at two
contact edges.
Fig. 6(b) illustrates the evolution of the von Mises stresses along the
depth direction of the ring. The start position is set as the origin point of
the coordinate system as shown in Fig. 1. The von Mises stress decreases
with an increasing fatigue damage. The maximum decrease in the von
Mises stress happens at the point of spalling initiation, i.e., at a depth
of 0.2 mm. The fatigue damage at this position after 8 × 105 cycles is
about 0.13, causing the von Mises stress to decrease from the initial
value of 1431 to 1330 MPa. As the number of loading cycles increases
to 1.2 × 106 cycles, the fatigue damage reaches 0.95 and the material at
this position completely loses the loading-carrying capacity, resulting in
a dramatic decrease in the von Mises stress.
Fig. 7(a) illustrates the four stress components at the point of spalling
initiation during the ﬁrst cycle. The stress components demonstrate nonproportional variations over loading cycles. The compressive stress in
the y-direction is much larger than the other three components but is
not the driving force to cause crack initiation. The shear stress 𝜎 xy with
a relatively high value is critical for crack initiation under RCF loading.
Fig. 7(b) depicts the history of the damage and the equivalent plastic
strain at the position of spalling initiation. The fatigue damage increases
slowly from 0 to around 0.2 during the ﬁrst 1 × 106 cycles, and then dramatically increases to 0.95 in the subsequent 1 × 105 cycles. Although
the stress level is reduced due to the fatigue damage, the term (1-D) in
the denominator of the damage evolution law still causes the damage to
increase rapidly under a high damage level. A similar evolution of the
fatigue damage was also obtained by Li et al. [12]. The plastic deformation occurs as the number of loading cycles reaches 6.2 × 105 cycles,
during which the fatigue damage is around 0.087. The fatigue damage
causes the stress at the position of spalling initiation to reach the yield
surface, causing damage-induced plastic deformation. The equivalent
plastic strain demonstrates a slow increase before the damage reaches
0.95.
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Fig. 7. (a) History of the stress components at the spalling initiation point
within the ﬁrst cycle, and (b) history of the fatigue damage and the equivalent plastic strain at the same point over loading cycles (pmax = 2500 MPa and
𝜇 = 0.05).

4.4. Competition between fatigue damage and plastic deformation
The inﬂuences of the fatigue damage and the plastic deformation
on the shear stress 𝜎 xy are evaluated. Fig. 8 shows the evolution of the
shear stress-strain curve after diﬀerent loading cycles. During the ﬁrst
cycle, there is no fatigue damage and plastic strain, and the shear stressstrain curve is linear. After 5 × 105 cycles, the fatigue damage increases
to 0.066 without the occurrence of plastic deformation, and the curve
remains linear. The maximum shear stress keeps unchanged and the
minimum value decreases by about 30 MPa. However, the inclination
angle of the curve decreases as compared with that for the ﬁrst cycle
because the fatigue damage weakens the material properties including
the shear modulus. After 1 × 106 cycles, the fatigue damage increases to
around 0.2 and the average equivalent plastic strain over this cycle is
about 0.13. The damage-induced plastic deformation causes the curve
to possess an obvious hysteresis loop. The hardening eﬀect of the plastic
deformation on the shear stress is dominant as compared with the weak-

Fig. 8. Evolution of the shear stress-strain curves after diﬀerent loading cycles
(pmax = 2500 MPa and 𝜇 = 0.05).
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Fig. 9. Eﬀects of (a) the peak contact pressure and (b) the coeﬃcient of friction on the spalling initiation and propagation lifetimes; eﬀects of (c) the peak contact
pressure and (d) the coeﬃcient of friction on the spalling depth and length.

ening eﬀect of the fatigue damage. Therefore, the maximum shear stress
increases to around 790 MPa. As the fatigue damage reaches 0.95 after
1.2 × 106 cycles, the weakening eﬀect of the fatigue damage on the shear
stress becomes dominant. The material completely loses its capacity of
loading-carrying. The maximum shear stress reduces to around 60 MPa
and the shear strain range during the cycle increases dramatically. The
competition between the inﬂuences of the fatigue damage and the plastic deformation governs the evolution of the shear stress-strain response.

4.5. Eﬀects of the contact pressure and coeﬃcient of friction
The eﬀects of the maximum peak contact pressure and the coeﬃcient
of friction on the initiation and propagation processes of spalling are
studied. Fig. 9(a) and (b) illustrate the spalling initiation and propagation lifetimes obtained under diﬀerent peak contact pressures and coeﬃcients of friction. The spalling propagation lifetime is much less than the
initiation lifetime under these ﬁve loading conditions. For the initiation
lifetime, the peak contact pressure has a more signiﬁcant inﬂuence than
the coeﬃcient of friction. The initiation lifetime under pmax = 2500 MPa
is only one ninth of that under pmax = 2000 MPa. The coeﬃcient of friction aﬀects the tangential traction distribution on the surface contact
zone. The maximum surface tangential tractions under 𝜇 = 0.02 and 0.1
are around 36.8 and 188.5 MPa, respectively, both of which are close
to but less than the values obtained by directly using the Coulomb friction law. The increase in the coeﬃcient of friction causes the octahe-

dral shear stress range mentioned in Eq. (15) to increase from 880 to
929 MPa, leading to the small variation in the spalling lifetime.
Fig. 9(c) and (d) illustrate the spalling depths and lengths obtained
under diﬀerent peak contact pressures and coeﬃcients of friction. Under
higher contact pressure, the location of the maximum octahedral shear
stress becomes deeper in the ring. As a result, the spalling depth increases from around 0.15 to 0.2 mm as the contact pressure increases
from 2000 to 2500 MPa. The eﬀect of the contact pressure on the
spalling length is not obvious. As the coeﬃcient of friction increases
from 0.02 to 0.1, the tangential traction on the contact surface also increases, causing the maximum octahedral shear stress to occur close to
the contact surface. Accordingly, the spalling depth slightly decreases.
5. Conclusions
The initiation and propagation of spalling in bearings under RCF
loading are investigated through a numerical approach. An elastoplastic-damage model is proposed to evaluate the stress-strain response
of damaged materials and their damage evolution during the rolling
process. Speciﬁcally, the damage-coupled elasto-plastic model is developed in the thermodynamic framework by specifying the damagerelated Helmholtz free energy and dissipative potential function. The
non-proportional behavior of the cyclic stress and the plastic strain are
used to calculate the fatigue damage evolution.
The initiation and propagation processes of spalling are simulated
through the numerical implementation of the developed model. The
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surface contact pressure and fatigue damage evolution obtained by the
explicit implementation are compared with those by the implicit implementation. The shear stress is the driving force for the spalling initiation. The spalling initiates beneath the contact surface of the ring. A
piece of material is chipped out as the damage reaches the contact surface. The predicted spalling lifetime agrees well with the experimental
data from the literature. The evolutions of contact pressure, subsurface
stress, equivalent plastic strain and fatigue damage during the rolling
process are obtained and their relationships are evaluated. It is found
that the fatigue damage competes with the plastic deformation to aﬀect
the shear stress-strain response during the rolling process. Furthermore,
the eﬀects of the maximum peak contact pressure and the coeﬃcient of
friction on the initiation and propagation processes of spalling are studied. The peak contact pressure has more signiﬁcant inﬂuence than the
coeﬃcient of friction on the spalling lifetime.
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