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Abstract

A continuum damage mechanics-based method is adopted to predict the fatigue life of notched specimens

subjected to constant amplitude cyclic loading while containing single or multiple overloads. The residual

stress and plastic damage induced by an overload are considered to be the main factors affecting the

fatigue life of a specimen. The residual stress and plastic strain fields of a notched specimen are calculated

using the elastic–plastic finite element method. The mean stress of the following cyclic loading is then

varied by superimposing the residual stress. Meanwhile, the plastic damage is calculated based on the

ductile damage model and accumulated into the total damage of the material. The quantitative effects of an

overload on the damage evolution and the fatigue life are evaluated. Furthermore, the effects of the

damage–overload ratio on the variation of the residual stress induced by an overload are investigated, and

the effects of the occurrence time for a single overload and the occurrence frequency for multiple

overloads are studied.
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Introduction

Fatigue failure is the most common failure mode for mechanical components subjected to cyclic
loading. Therefore, a prediction of the fatigue life of a structure and the factors influencing such
fatigue life has received significant attention. Many types of methods have been developed to deal

International Journal of Damage

Mechanics

0(0) 1–28

! The Author(s) 2018

Reprints and permissions:

sagepub.co.uk/journalsPermissions.nav

DOI: 10.1177/1056789518775173

journals.sagepub.com/home/ijd

1School of Aeronautic Science and Engineering, Beihang University, Beijing, China
2School of Mechanical and Aerospace Engineering, Nanyang Technological University, Singapore

Corresponding author:

Zhixin Zhan, School of Aeronautic Science and Engineering, Beihang University, Room D604, New Main Building, 37th Xueyuan

Road, Beijing 100191, China.

Email: zzxupc@163.com

https://uk.sagepub.com/en-gb/journals-permissions
https://doi.org/10.1177/1056789518775173
journals.sagepub.com/home/ijd
http://crossmark.crossref.org/dialog/?doi=10.1177%2F1056789518775173&domain=pdf&date_stamp=2018-05-09


with the fatigue problems. Among these methods, recently, damage mechanics-based approaches
(Darban et al., 2014; Lv et al., 2015; Sun et al., 2017; Zghal et al., 2016) have become the important
solutions to analyse the fatigue damage of practical structures.

Practical structures are usually not smooth; instead, holes, grooves or notches, as well as variable
cross sections, are generally involved. These geometrical features can induce a stress concentration
(Castro et al., 2016), and the stress concentration zone is always the critical zone with regard
to fatigue. To study the effects of different geometrical features, many fatigue tests have been
conducted on notched specimens (Shen et al., 2015), which have proved to be an effective test
method. On the other hand, considering that a structure is not always subjected to a constant
amplitude (CA) cyclic loading and that an overload probably occurs either occasionally or regularly,
it is necessary to conduct fatigue tests for notched specimens that have experienced an overload.
In general, an overload can bring about a local plastic strain and residual stress to a notched
specimen, thereby affecting its fatigue life. Therefore, many studies have discussed the effects of
overloading from the aspects of plastic strain and residual stress.

To evaluate the effects of residual stress, we first need to determine the residual stress field induced
by an overload. With this regard, experiments are typically adopted. Dalaei and Karlsson (2011)
used an X-ray diffraction technique to measure the residual stress, and discussed the influence of an
overload on the stability of residual stresses in shot-peened normalized steel. In addition, the relax-
ation of the residual stress was also analysed. In addition to experiments, finite element methods are
also widely used. Xiao et al. (2014) used the finite element method combined with Suresh’s model
(Suresh and Giannakopoulos, 1998) to simulate the residual stress distribution near a crack tip.
The predicted result was in good agreement with the experiment data obtained from an instru-
mented indentation test. Chengqing et al. (2013) adopted a linear elastic unloading assumption to
predict the residual stress using finite element methods and obtained highly accurate results.
However, the unloading after an overload may cause reverse yielding, which cannot be treated as
linear elastic unloading. Smith et al. (2012) conducted a prediction of residual stress in stainless steel
welds by introducing a Lemaitre–Chaboche mixed hardening model into the finite element method.
The predicted residual stress was consistent with the experiment results. Overall, a numerical
calculation is an effective method to obtain the residual stress field induced through an overload.
The effect of residual stress on the fatigue life is typically reflected through variation in the mean
stress. However, the residual stress may relax during the following cyclic loading, which needs to be
carefully studied.

In addition to residual stress, plastic damage is also introduced through an overload owing to the
occurrence of plastic strain around the notch tip. In general, a proper overload does increase
the fatigue life, whereas if the overload is too high, plastic damage will clearly appear around the
notch tip, which could decrease the fatigue life. Therefore, it is necessary to quantitatively evaluate
the effects of plastic damage.

At present, studies on the effects of an overload have mainly focused on an improvement of the
fatigue crack propagation life. Sander and Richard (2005) found that overload does increase the
fatigue life, but different types of overload affect the fatigue life at different levels. Ramos et al.
(2003) studied the effects of single and multiple overloads on the fatigue life and noticed that two
equal and consecutive overloads lead to a longer fatigue life than a single peak overload. Sarkheil
and Foumani (2014) used Walker’s equation (Walker, 1970) with a generalized Willenborg model
(Gallagher, 1974) to study the crack growth retardation owing to periodic tensile overloads.
The results showed that, under the same CA loading, the relationship between the optimum over-
load ratio and the overload occurrence frequency is linear at a semi-log scale. With regard to the
effects of an overload on the fatigue crack initiation life, few studies have been reported. Theil (2016)
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proposed an empirical prediction method based on an S/N curve for the fatigue crack initiation life
of a structure/specimen, which can take into account the effects of an overload. The predicted results
were better than those obtained using the Palmgren–Miner rule (Kauzlarich, 1989). However, the
results were seriously overestimated for certain cases. Zuo et al. (2015) found that for variable
amplitude loading, the load sequence has considerable effect on fatigue life. He then presented
the fatigue driving stress that causes fatigue damage to take the effects of load history into consid-
eration. The predicted fatigue life obtained by his method is in a good agreement with experiment
results. In addition, the method proposed for the investigation of the effect of variable amplitude
loading (Zuo et al., 2015) can also be applied to study the effect of overload, owing to the overload
may be regarded as a special variable amplitude load.

In this study, the effects of overloading are investigated through a damage mechanics-based
approach. A damage-coupled elasto-plastic constitutive model is employed to describe the mechan-
ical behaviours of a material experiencing an overload and cyclic loading. Plastic damage induced by
an overload is calculated using Lemaitre’s ductile damage model. The residual stress caused by an
overload is superimposed with the cyclic loading to account for the following fatigue damage.
Two different fatigue damage models, a stress-based model and a plastic-strain based model, are
adopted to calculate the damage evolution of the material. The numerical implementations of these
two damage models are introduced into ABAQUS using the UMAT subroutine. The effects of
plastic damage and residual stress caused by an overload are quantitatively evaluated. The predicted
fatigue life is compared with the experiment data. The influencing factors, including the overload
ratio, the occurrence time for a single overload case and the occurrence frequency for a multiple
overload case, are all analysed in detail. In addition, the relaxation of the residual stress during cyclic
loading is investigated.

Theoretic models

Damage-coupled elasto-plastic constitutive model

Damage in a mechanical sense is the creation and growth of micro-cracks and micro-voids
(Lemaı̂tre, 1992). In engineering, the mechanics of continuous media can be described using a
representative volume element (RVE). Lemaitre proposed some fundamental concepts (Lemaı̂tre,
1992) regarding damage mechanics. For the case of isotropic damage in isotropic materials, the
scalar damage variable D is defined as

D ¼
SD

S
ð1Þ

S ¼ SE þ SD ð2Þ

where S is the area of the section in the RVE, SD is the total area of damage and SE is the
effective area.

The effective stress ~� is used to describe the stress over the effective area of a section:

~� ¼
P

SE
¼

P

ð1�DÞS
¼

�

1�D
ð3Þ

where P is the load applied to the section.
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Based on the hypothesis of strain equivalence, damage extent D can be expressed through the
deterioration of stiffness:

D ¼
E� ED

E
ð4Þ

where E is the initial Young’s modulus of RVE, and ED is the equivalent Young’s modulus of the
damaged RVE.

In this paper, the elasto-plastic constitutive model (Chaboche, 1986, 1989, 2008) proposed by
Chaboche is adopted. This model has been extended to consider the kinematic hardening (Abdel-
Karim, 2009, 2010; Chaboche, 1991) and is capable of describing the cyclic deformation behaviour
well. In addition, considering the material damage, the fundamental concept of continuum damage
mechanics needs to be introduced into the model.

First, considering a small deformation, the total strain "ij can be decomposed as:

"ij ¼ "
e
ij þ "

p
ij ð5Þ

where "eij is the elastic strain, and "pij is the plastic strain.
The damage coupled elastic constitutive equation takes the following form:

"eij ¼
1þ v

E

�ij
1�D

� �
�

v

E

�kk�ij
1�D

� �
ð6Þ

where v is the Poisson’s ratio, �ij is the Cauchy stress and �ij is the Kronecker delta:

�ij ¼
0, if i 6¼ j
1, if i ¼ j

�
: The subscripts i and j vary from 1 to 3.

The von Mises yield function, hardening law and plastic flow with damage are given as
(Lemaı̂tre, 1992):

f ¼ �eq � R ð7Þ

�eq ¼
�ij

1�D
� xij

� �
eq

ð8Þ

_"pij ¼ _�
@f

@�ij
¼

3

2

_�

1�D

�ij
1�D� xij
� �

dev
�kl
1�D� xkl
� �

eq

ð9Þ

_r ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
2

3
_"pij _"

p
ij

r
¼

_�

1�D
ð10Þ

xij ¼
X3
k¼1

x
ðkÞ
ij ð11Þ

x
ð _kÞ
ij ¼ 1�Dð Þ

2

3
CðkÞ"

_p
ij � �

ðkÞx
kð Þ
ij _r

� �
ð12Þ

_R ¼ 1�Dð Þb Q� Rð Þ_r ð13Þ
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where the subscript dev represents the deviatoric part of the stress, eq is the von Mises equivalent
stress, xij is the deviatoric part of the back stress, R is the size of the yield surface, _� is the plastic
multiplier and _r is the accumulated plastic strain rate. In this study, three groups of back stress are
used to fit the stress–strain curve. Material constants CðkÞ, �ðkÞ,Q and b can be determined
experimentally.

Fatigue damage evolution models

Generally, the damage of material can be calculated employing stress-based model or plastic–strain
based model depending on the loading level. If the loading level is not high and only elastic deform-
ation occurs, the stress-based model is adopted. This case conventionally corresponds to the high-
cycle fatigue. Meanwhile, if the loading level is enough high that the obvious plastic deformation can
be observed, the plastic–strain based model ought to be used and the elastic damage can be com-
pletely ignored. This case is typically related to the low-cycle fatigue. However, for some cases,
plastic deformation is not much significant, instead, its order is comparative to that of elastic
deformation. Consequently, in this scenario, the damage is determined by taking the maximum
value between elastic damage and plastic damage, the method adopted in Shen et al. (2015), in
which predicted fatigue life agrees well with experiment results.

When there is no increment of plastic strain within a loading cycle, the damage increment is
mainly determined based on the state of the stress. For the uniaxial case, the damage evolution
equation proposed by Lemaitre et al. (1993) is expressed as follows:

dDe

dN
¼ 1� 1�Dð Þ

�þ1

 �1�a �a��l0 1�b1�mð Þ

�u��max


 �
�

�max � �m
M0 1� b2�mð Þ 1�Dð Þ

� �
ð14Þ

where �a, �m and �max are the stress amplitude, mean stress and maximum equivalent stress dur-
ing the loading cycle, respectively. �l0 indicates the fatigue limit of smooth specimen under fully
reversed loading conditions. Generally, for engineering materials, including aluminum alloys, the
fatigue limit is the cyclic stress level below which a fatigue failure does not occur in material
which undergoes the specified number of cycles, usually 107. According to the Military
Handbook-MIL-HDBK-5H (1998), the fatigue limit �l0 of 7075-T6 aluminum alloy is 117MPa.
�u is the ultimate tensile stress, and De is the elastic damage. The parameters b1, b2,�,M0 and a can
be determined from equation (14) using the fatigue test data of a standard specimen. The details of
this are presented in Parameter calibration in damage evolution models section.

For a multi-axial case, equation (14) has been extended from Chaudonneret (1993), who devel-
oped the following:

dDe

dN
¼ 1� 1�Dð Þ

�þ1

 �1�a AII��l0 1�3b1�H,meanð Þ

�u��eq,max

h i
�

AII

M0 1� 3b2�H,mean

� �
1�Dð Þ

" #�
ð15Þ

AII ¼
1

2

3

2
Sij,max � Sij,min

� �
Sij,max � Sij,min

� �� 
ð16Þ

where AII represents the amplitude of the octahedral shear stress, Sij,max is the maximum value, Sij,min

is the minimum value of the deviatoric part of the stress, �eq,max is the maximum equivalent stress
over a loading cycle and �H,mean is the mean value of the hydrostatic stress during a loading cycle.
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When an increment of plastic strain occurs within a loading cycle, the increment of fatigue
damage is determined based on the accumulated plastic strain. The damage evolution law for the
uniaxial stress case is given by (Lemaitre et al., 1993; Warhadpande et al., 2012)?

dDp

dN
¼

ð�maxÞ
2

2ESð1�DÞ2

� m
�"p
�� �� ð17Þ

where �"p is the increment in amplitude of the plastic cyclic strain during a loading cycle, Dp is the
plastic damage and S and m are material parameters that can be obtained through experiment data
(Military Handbook-MIL-HDBK-5H, 1998). The determination of these parameters is presented in
Parameter calibration in damage evolution models section.

For the multi-axial case, the strain-controlled damage evolution is written as

dDp

dN
¼

ð��maxÞ
2

2ESð1�DÞ2

� m
�r ð18Þ

where ��max and �r are the maximum equivalent stress and the increment in amplitude of the plastic
strain during a loading cycle.

It should be noted that the variable D in equations (1)–(13) represents the damage of material
whatever form it is determined as. The variables De and Dp in equations (14) and (17) are the specific
expressions corresponding to the different models.

Material and parameter calibration

In this paper, 7075-T6 aluminium alloy is studied. The basic mechanical properties of the material
(Military Handbook-MIL-HDBK-5H, 1998) are listed in Table 1. In addition to these parameters,
two other types of material parameters need to be calibrated: (i) material parameters in the elastic–
plastic constitutive model and (ii) material parameters in the damage evolution models including the
stress-based elastic damage model and plastic–strain based plastic damage model. The following
sections describe the parameter calibration in detail.

Parameter calibration in the elastic–plastic constitutive model

As shown in Figure 1, the stress–plastic strain curve of the uniaxial tensile test is used to calibrate the
material parameters in the hardening law. In this study, both isotropic hardening and nonlinear
kinematic hardening are considered. The stress–plastic strain relationship can be expressed as
follows:

� ¼ �y þ
X3
k¼1

pk 1� e�tk"p
� �

þ p4 1� e�t4"p
� �

ð19Þ

Table 1. Parameters used in hardening law of Al 7075-T6.

Parameters E v �y Q b �ð1Þ, �ð2Þ, �ð3Þ Cð1Þ, Cð2Þ, Cð3Þ

Values 70 GPa 0.32 464 MPa 132.88 MPa 0.053 25.73, 43.36, 327.77 1019 MPa, 39.8 MPa, 6005.9 MPa
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where �y represents the initial yield stress, and three components of back stress are employed to fit
the experiment data. The parameters CðkÞ, �ðkÞ,Q and b in equations (12) and (13) can be obtained
using pk and tk as follows.

CðkÞ ¼ pktk ð20Þ

�ðkÞ ¼ tk ð21Þ

Q ¼ p4 ð22Þ

b ¼ t4 ð23Þ

The calibrated material parameters are listed in Table 1. In addition, the fitted curve versus the
experiment data (Military Handbook-MIL-HDBK-5H, 1998) is shown in Figure 1.

Parameter calibration in damage evolution models

Parameter calibration in stress-based damage model. Five parameters, a, M0, �, b1 and b2,
in the stress-based damage model need to be calibrated. First, by integrating equation (14) from
D¼ 0 to D¼ 1, the fatigue life is obtained as follows:

NF ¼
1

1þ �

1

aM��0

�u � �max

ð�a � �l0ð1� b1�mÞÞ

�a
1� b2�m

� ��
ð24Þ

For the case of smooth specimens under uniaxial fatigue loading with stress ratio R¼� 1, equa-

tion (24) can be simplified as: NF ¼
1

1þ�
1

aM��
0

�u��max

ð�a��l0Þ
ð�aÞ

��. According to the stress-controlled high

cycle fatigue test with R¼� 1 (Military Handbook-MIL-HDBK-5H, 1998), the experiment data of

18 specimens were used to calibrate the values of � and aM��0 by employing least square method.

Figure 1. Experiment data (Military Handbook-MIL-HDBK-5H, 1998) and fitted stress–strain curve.
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Parameters b1 and b2 are then determined from the experiment data (Military Handbook-MIL-
HDBK-5H, 1998) at different mean stresses. Finally, a and M0 are obtained using the damage-
mechanics finite element method (Shen et al., 2015, 2016; Zhan et al., 2015a, 2015b). The calibrated
parameters are listed in Table 2.

Parameter calibration in plastic strain-based damage evolution model. Two parameters, S andm,
in the plastic strain-based damage model need to be calibrated. First, the stress–strain curve under
cyclic loading can be described as follows:

�max ¼ K0
�"p
2

� �n0

ð25Þ

Then, for the case of a strain-controlled low cycle fatigue test, by integrating equation (17) from
D¼ 0 to D¼ 1, and substituting equation (25), the fatigue life can be obtained as

NF ¼
1

2ð2mþ 1Þ

21þ2n
0

ES

ðK0Þ2

� �m

ð�"pÞ
�ð1þ2mn0Þ

ð26Þ

where n0 and K0 are as obtained from a previous study (Dowling, 1993), and are shown in Table 3.
Then, in order to obtain the parameter S and m, we used experiment data of strain-controlled low-
cycle fatigue test (incremental step test) from Mil-HDBK-5 (Military Handbook-MIL-HDBK-5H,
1998). In the test, following the standard ASTM E606-12 (ASTM E606/E606M-12, 2012), smooth
specimens of aluminum alloy sheet were used. The cyclic loading is axial, stress ratio R is �1 and the
frequency is set between 5 Hz and 30Hz so as to avoid increased resistance to axial stress influenced
by restraints. The values of S and m are listed in Table 3.

Computational methodology

Finite element model

A notched specimen made of 7075-T6 is studied in this paper, which will be used for validation of
the methods and a study of the influencing factors. The geometry of the specimen is illustrated

Table 2. Parameters of Al 7075-T6 for stress-controlled fatigue damage model.

Parameters a M0 � b1 b2

Values 0.75 2400 5.57 0.0014 0.0018

Table 3. Parameters of Al 7075-T6 for strain-controlled fatigue damage model.

Parameters S m K0 n0

Values 2.90 7.62 977MPa 0.106
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in Figure 2. The thickness of the specimen is 2.5mm, and the stress concentration factor is 2.0.
A remote tensile overload, followed by subsequent tension–compression cyclic loadings, was applied
to the specimens. In the ABAQUS platform, only one-eighth of the model was built as shown in
Figure 3, and symmetric boundary conditions were applied to the symmetric surfaces of the speci-
men. The element type is a C3D8, which is defined as a 3-D solid element including eight nodes with
three degrees of freedom per node. A mesh convergence study was conducted to obtain the appro-
priate mesh size. The maximum von Mises stresses corresponding to the different mesh sizes under
the same tensile load are listed in Table 4. The minimum element size of 0.088 mm �0.098 mm
�0.156mm was finally adopted for an additional finite element method simulation.

Residual stress computation

In this paper, a damage coupled Chaboche plastic model is used as the material model.
The residual stress induced by an overload was obtained after the specimen was totally unloaded.

Figure 3. One-eighth model built in ABAQUS/CAE.

Figure 2. Geometry of notched specimen (dimensions in mm).

Table 4. Maximum von Mises stress corresponding to different mesh sizes.

Mesh size 1 Mesh size 2 Mesh size 3

Minimum element size 0.102 mm

�0.132 mm�0.178 mm

0.097 mm

�0.118 mm�0.156 mm

0.088 mm

�0.098 mm�0.156 mm

Stress/MPa 307.5 307.1 306.9

Huang et al. 9



An example of the residual stress distribution for the case of a notched specimen experiencing an
overload of 300MPa is shown in Figure 4. The maximum compressive residual stress appears at
the tip of the notch, and the maximum compressive stress is about 129MPa. A tensile residual
stress zone is just below the compressive residual stress zone, with the maximum value of
only 33.6MPa.

When the fatigue load is applied to the specimen, the residual stress still remains and is
obtained after each loading cycle. After the specimen shown in Figure 4 experienced 2000
cycles of fatigue loading with a maximum stress of 205.5MPa following an overload of
300MPa, the residual stress field was changed, which is shown in Figure 5. The maximum lon-
gitudinal compressive residual stress at the notch tip decreased from 129MPa to 35.7MPa, and
the corresponding location also varied from the surface to the layer below the surface. The max-
imum tensile residual stress decreased from 33.6MPa to 28.3MPa as well. The effect of damage
evolution on the variation of the residual stress is discussed in detail in Effects of damage on the
variation of residual stress section.

Calculation of plastic damage induced by overload

The benefit of an overload for increasing the fatigue life of a notched specimen is mainly attributed
to the introduction of a compressive residual stress. On the other hand, plastic damage is introduced
simultaneously owing to the occurrence of plastic strain. Therefore, it is necessary to calculate the
plastic damage to comprehensively evaluate the effect of an overload.

The damage induced by an overload can be considered as ductile damage considering that over-
load usually leads to plastic deformation at the root of notch. Consequently, a damage model
describing the fatigue damage related to the plastic strain is adopted to calculate the plastic
damage induced by an overload. According to the assumption proposed by Lemaitre and

Figure 4. Longitudinal residual stress (MPa) distribution of specimen experiencing overload of 300 MPa.
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Desmorat (2005), i.e.,
��max

1�D � �eq,max ¼ const, by integrating equation (17) along the loading history

of the overload, the plastic damage D0 induced by overload can be obtained as

D0 ¼
1

2

ð�eq,maxÞ
2

2ES

" #m

"p
�� �� ð27Þ

where �eq,max and "p are the maximum von Mises stress and the maximum plastic strain within the
overload history, respectively.

Figure 6 shows the calculated plastic damage field induced by an overload with a maximum value
of 270MPa. Theoretically, the damage along the thickness direction should be the same. However, a
difference in damage along the thickness direction exists because of an unavoidable computational
error. However, the difference is very small, and is quite acceptable.

The maximum amount of plastic damage occurs at the tip of the notch where the stress and
plastic strain are both the largest. The plastic damage will be accumulated with the following fatigue
damage, thereby affecting the fatigue life of the specimen, which is described in the next section.

Fatigue damage accumulation

According to the fatigue damage evolution model presented in Fatigue damage evolution models
section, a flowchart of the numerical implementation of fatigue damage accumulation is shown in
Figure 7, and the detailed steps of the calculation are as follows:

(1) Initialize all of the parameters.
(2) Calculate the stresses and strains of the specimen under cyclic loading and residual stress

(if present).

Figure 5. Longitudinal residual stress (MPa) distribution after N¼ 2000 loading cycles.
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(3) Calculate the increment of fatigue damage, elastic damage �De and plastic damage �Dp,
according to the two corresponding fatigue damage models. The fatigue damage increment
�D is assigned a maximum value of between �De and �Dp (Shen et al., 2015):

�D ¼ maxf�De, �Dpg ð28Þ

Figure 6. Initial plastic damage under an overload of 270 MPa.

Figure 7. Numerical algorithm for fatigue damage accumulation.
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The total damage D is calculated by

Diþ1 ¼ Di þ�Di��N ð29Þ

where an appropriate value of �N is adopted in view of the computation efficiency and convergent
fatigue life. In general, according to previous studies (Zhan et al., 2012, 2015), the value of �N is
applicable when it satisfies the condition �N/Nf� 0.01.

(4) Calculate the equivalent elastic modulus of each damaged material element.
(5) Repeat steps (2)–(4) until the total damage of the critical element reaches 1.

Results and discussion

Validation

To validate the calibrated material parameters and theoretical models, two groups of experimental
data are used for a comparison with the predicted results. One is the experimental data of a notched
specimen applied with fully reversed cyclic loading without an overload, and the other is data of a
rod specimen undergoing multiple overloads and fully reversed cyclic loading.

Fatigue life of specimens under cyclic loading without overload. All fatigue experiments were
carried out using a high-frequency vibrophore machine. The test frequency was between 1100 and
1500 cycles per minute. The geometry of the specimen is shown in Figure 3. The predicted life is
calculated based on the numerical implementation of the fatigue damage accumulation presented in
Fatigue damage accumulation section. The experiment fatigue life and predicted results are shown in
Figure 8. It is clear that the predicted fatigue life is in accordance with experiment fatigue life
(Military Handbook-MIL-HDBK-5H, 1998).

A variation in the cyclic stress–strain curve during fatigue can be seen in Figure 9. It shows the
cyclic stress–strain curves of the critical element under fully reversed cyclic loading with a maximum

Figure 8. Comparison of the predictions with experiment data (Military Handbook-MIL-HDBK-5H, 1998) for 7075-

T6 specimens.

Huang et al. 13



stress of 226.5MPa. It can be seen that the Young’s modulus continues decreasing, while the
accumulated plastic strain continues increasing along with the increase in the number of cycles.

Fatigue life of specimens under cyclic loading with multiple overloads. To validate the proposed
method in predicting the fatigue life of a specimen under cyclic loading with multiple overloads,
experiments were conducted based on Chlistovsky’s study (Chlistovsky et al., 2007) for comparison.
The material of the specimens was aluminium 7075. The geometry of the rods is shown in Figure 10
and the one-eighth finite element model of the rod is shown in Figure 11. A periodic loading
spectrum containing the overloads is shown in Figure 12. Here, �Ssc indicates the difference between
the maximum and minimum fatigue loads. Overloads were applied for every 200 loading cycles. The
maximum fatigue load was 350MPa. Three different values of �Ssc are described in this section.

The predicted fatigue life and experimental results (Chlistovsky et al., 2007) are listed in Table 5.
The relative error of each case is around 30%. Therefore, the predicted fatigue life agrees well with
the experiment data, which indicates that the proposed method can consider the effects of multiple
overloads well. It is worth noting that although only 7075 aluminium alloy was used to verify the

Figure 9. Cyclic stress–strain curve of the 7075-T6 specimen under fully reversed cyclic stress with

�max ¼ 226:500A0MPa.

Figure 10. Dimensions (mm) of 7075 fatigue coupons (Chlistovsky et al., 2007).
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proposed method, most of the conventional ductile metals such as aluminum alloy, steel and titan-
ium alloy can also be applied in this method.

The following sections describe an extensive investigation of the effects of an overload from
several perspectives.

Effects of single overload

To investigate the effects of a single overload, calculations on the notched specimens shown in
Figure 3 under fully reversed tension-compression loadings with or without an overload were con-
ducted, and the predicted fatigue lives are as listed in Table 6.

Figure 11. Finite element model of the specimen.

Figure 12. Periodic overload loading spectrum for 7075 aluminium alloy (Chlistovsky et al., 2007).

Table 5. Predicted fatigue life and experiment fatigue life of rods under different �Ssc.

No. �Ssc (MPa)

Experiment fatigue

life (cycles)

Predicted fatigue

life (cycles) Relative error

1 250 35,000 24,300 30.5%

2 350 24,000 15,800 34.2%

3 450 20,000 13,700 31.5%
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As shown in Table 6, by comparing Nos. 1–5, and Nos. 6– 9, it is clear that an overload is
favourable in increasing the fatigue life. For the cases studied here, under the case of the same �max,
with the increase in the overload ratio (�od : �max), the fatigue life continues increasing. In addition,
as shown in Figure 13, by comparing the beneficial effect of an overload for the different cyclic
loadings, it can seen that an overload has a more significant influence on the group with a lower
stress amplitude.

Because the effects of an overload are mainly determined based on the residual stress and plastic
damage, a detailed discussion of the effects of residual stress and plastic damage is provided below.
In addition, the residual stress may vary during the fatigue damage evolution. Therefore, the effect
of damage based on the variation in residual stress is also investigated.

Figure 13. Predicted fatigue life under different �max and �od.

Table 6. Predicted life of a notched specimen under different cases.

No. �od (MPa) �max (MPa) OLR

Predicted fatigue

life (cycles)

1 none 205.5 6585

2 261 205.5 1.27 7285

3 270 205.5 1.31 7685

4 285 205.5 1.38 8885

5 300 205.5 1.46 9785

6 none 261 3348

7 270 261 1.03 3485

8 285 261 1.09 3585

9 300 261 1.14 3585

OLR: Overload Ratio.
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Effects of residual stress caused by single overload. The damage evolution in the critical element
at the tip of a notch under �max ¼ 205:5 MPa with or without an overload (�od ¼ 300 MPa) is shown
in Figure 14. For the case with an overload, the growth rate of the damage is clearly slower, which
results in a longer fatigue life.

To analyse the effect of residual stress on the fatigue life, the initial longitudinal residual stresses
along the depth direction away from the tip of the notch were obtained, and their distributions are as
shown in Figure 15. It can be seen that the initial compressive residual stresses at the tip of the notch

Figure 14. Damage evolution of specimens with and without overload.

Figure 15. Initial distribution of longitudinal residual stresses with respect to the different overloads.
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increase along with an increase in the overload. The superimposition of the residual stress and
fatigue loading results in a decrease in the mean stress of the cyclic loading, which accordingly
leads to a longer fatigue life. It can also be seen that both the maximum tensile residual stress and the
compressive residual stress increase along with an increase in overload. However, the incremental
magnitude of the compressive residual stress is much more remarkable, and also better explains the
effect of the higher overload.

When the fatigue load is �max ¼ 261 MPa, the accumulated plastic strain occurs from the first
loading cycle following the overload. Thus, unlike the case of low fatigue loading
(�max ¼ 205:5 MPa, which is lower than the yield stress), the residual stress in the case of
�max ¼ 261 MPa changes more smoothly after an overload, and a clear knee point disappears, as
shown in Figure 16. Furthermore, comparing the red line (�od ¼ 285MPa and �max ¼ 205:5MPa)
and black line (�od ¼ 300MPa and �max ¼ 205:5MPa) in Figure 16, it can be concluded that the
initial residual stress and the relaxed residual stress both increase when the overload ratio is greater.
Meanwhile, the further relaxation of residual stress comes later for the case of a higher overload
ratio, which results in a longer fatigue life than the case of a lower overload ratio.

Effects of plastic damage induced by single overload. In general, an overload causes plastic strain
at the tip of the notch, and plastic damage then occurs in this area. In this section, specimens applied
with different amplitudes of overload are described, and the corresponding plastic damage is calcu-
lated using equation (27).

The distributions of plastic damage caused by overloads of 285MPa and 300MPa are similar
with that under an overload of 270MPa (shown in Figure 6). For the three cases, the maximum
plastic damage is at the notch tip. The extent of plastic damage of the critical elements, and the
predicted fatigue lives considering and ignoring the initial plastic damage, are listed in Table 7. It can
be seen that the maximum plastic damage becomes larger with an increase in overload, whereas

Figure 16. Relaxation of residual stress at the notch tip corresponding to the numbers of cycles of specimen

applied with different �od and �max .
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insignificant differences between the fatigue lives of the two groups, i.e., considering and ignoring the
initial plastic damage, are shown.

It should be noted that the plastic damage is directly dependent on the plastic strain, according to
equation (27). However, when the overload is too high, the value of plastic damage calculated
by equation (27) will produce a remarkable error because in this study the parameters S and m
are calibrated from the experiment results, with the value of "p caused by each loading cycle
being less than 0.012. Therefore, the cases calculated in this study are only those in which plastic
strains caused by an overload are less than 0.012. For a much higher level of overload, the
plastic damage should be calculated by other equations or other parameter values, which will be
discussed in a future study.

Effects of damage on the variation of residual stress

The stiffness of each material element continues degrading during the fatigue damage evolution,
which leads to a stress redistribution in the material. The residual stress field will also vary along
with an increase in the number of loading cycles. In this section, two groups of calculations are
described, one of which considers the effect of the damage, whereas the other one ignores it.
Specimens of both groups were applied the same tension overload and subsequent cyclic loading.

When ignoring the damage, the initial residual stress caused from a single overload decreases
during the following loading cycle, and the relaxation of residual stress mainly occurs during this
cycle. The relaxation of residual stress is closely related to the amplitude of the fatigue load.
In general, a fatigue load with higher amplitude leads to a stronger relaxation. If the fatigue load
is totally elastic, the residual stress will not change, as the line (under �max¼ 150MPa) in Figure 17
indicates.

When the damage is considered, the residual stress continues to change and does not reach a
stable value. As shown in Figure 18, the relaxation of residual stress corresponding to the number of
cycles is demonstrated. The entire relaxation process can be divided into four stages:

(1) Stage 1: The residual stress drastically decreases after the first loading cycle.
(2) Stage 2: The residual stress reaches a temporary stable state and remains constant. This is similar

with the situation when the damage is ignored.
(3) Stage 3: The residual stress decreases again and becomes positive.
(4) State 4: The residual stress slowly turns to zero.

Table 7. Influence of damage on predicted life.

No. Overload (MPa) �max (MPa)

Predicted fatigue life (cycles)

With D0 Without D0

1 300 261 3585 3675

2 300 205.5 9785 9950

3 300 150 79,400 80,700

4 300 135 173,200 174,500

5 285 261 3585 3575

6 285 205.5 8885 8925
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For the case shown in Figure 18, the residual stress clearly relaxes after the first loading cycle,
which is due to the reversed yielding of the specimen and the occurrence of a new plastic strain.
A clear knee point can then be found. Next, the residual stress remains constant, which is mainly
attributed to the non-occurrence of cyclic plastic strain owing to the low stress level of the following
cyclic loading. The other reason is that the damage caused by fatigue load remains small at this
stage. That is, no yielding induced by damage occurs in this state. Next, as the number of cycles
increases, the stiffness degradation of the material becomes increasingly serious, and a new

Figure 18. Relaxation of residual stress at the notch tip corresponding to the number of cycles of the specimen

applied with an overload of 300 MPa and a subsequent fatigue load of �max ¼ 205:5 MPa.

Figure 17. Relaxation of residual stress at the notch tip corresponding to the number of cycles.
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accumulation of plastic strain occurs. Thus, the residual stress starts to decrease along with an
increase in plastic strain at this stage. This trend is consistent with the results obtained by a previous
study (Nikitin and Besel, 2008). At this stage, the residual stress continues decreasing until it devel-
ops into a positive stress from the original negative stress, although the magnitude of the residual
stress remains small. Finally, in the last stage, the amount of damage is remarkable. Thus, the
residual stress relaxes from a positive value to zero. Similar trends have also been found in a
previous study (Nikitin and Besel, 2008).

It is clear that the fatigue damage evolution has a significant influence on the variation of residual
stress. Therefore, it is necessary to take into account the coupling effects of the damage and residual
relaxation to obtain a reasonable fatigue life.

Effects of occurrence time of overload. The overload exerted before the cyclic loading can sig-
nificantly increase the fatigue life under the case of a relatively low fatigue load, as shown in Section
5.2. However, an overload may also be exerted after a period of cyclic loading. In this section, the
effects of occurrence time of an overload (Naf) on the fatigue life for two cases are discussed. An
overload (�od ¼ 300 MPa) is arranged before different numbers of loading cycles are applied. For
the first case, the fatigue load is set as �max¼ 205.5MPa, and Naf is chosen to be 1, 21, 500, 1000,
2000, and 5000. For the second case, the fatigue loading is set as 135MPa, and Naf is chosen to be
1600, 9600, 28,800, 48,000, 67,200. The fatigue life of each case is predicted using the aforemen-
tioned approach.

The predicted fatigue lives of the first case are shown in Figure 19, and the curve of fatigue life
versus the overload occurrence time shows a non-monotonic trend. Initially, the fatigue life increases
as Naf increases. For the cases studied here, when Naf is 21, the fatigue life reaches the largest value,
which is more than twice the fatigue life of the case without an overload. Then, the fatigue life
slightly decreases as Naf increases within the range of 21–500. Thereafter, the fatigue life significantly
decreases as Naf increases. For the second case, the trend of the fatigue life with respect to the
overload occurrence time is similar with the first case. As shown in Figure 20, when Naf¼ 28,800, the

Figure 19. Fatigue life of notched specimens under �od ¼ 300 MPa and �max ¼ 205:5 MPa with different overload

occurrence times.
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fatigue life increases by about 12,000 cycles. This was already confirmed through different experi-
ments (Ishihara and Mcevily, 1999), in which it was shown that exerting an overload in the middle of
the loading spectrum can increase the fatigue life owing to a coaxing effect (Ishihara and Mcevily,
1999) caused by a low–high–low loading sequence.

Because the residual stress is the main factor increasing the fatigue life, the variation in residual
stress for the two cases is shown in Figure 21 for the purpose of analysing the effect of the overload

Figure 20. Fatigue life of notched specimens under �od ¼ 300 MPa and �max ¼ 135 MPa with different overload

occurrence times.

Figure 21. Longitudinal residual stress of notched specimens under �od ¼ 300 MPa and �max ¼ 205:5 MPa with

different Naf.
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occurrence time. As shown in Figure 21, owing to the later introduction of residual stress for case B,
the relaxation process is slower, and the fatigue life is accordingly longer.

Effects of multiple overloads

When an overload is applied more than once, the effects on the fatigue life may differ. In this section,
the fatigue lives of the notched specimens shown in Figure 3 undergoing multiple overloads are
calculated, and the effects of the residual stress induced by multiple overloads and their occurrence
frequency are described.

Effects of residual stress caused by multiple overloads. The load spectrum containing multiple
overloads is illustrated in Figure 22. The notched specimens are applied an overload every 2500
loading cycles. The peak stress of the overload �od is 300MPa, and the maximum stress of the fully
reversed cyclic load is 205.5MPa. The predicted fatigue life is 9328 cycles, which is 41.7% higher
than that without an overload (case No. 1 shown in Table 6), but a little lower than that with a single
overload applied before fatigue loading.

The damage evolutions of the critical element at the tip of the notch corresponding to the dif-
ferent cases are shown in Figure 23. In case 1, the specimen was applied a single overload before the
subsequent fully reversed fatigue loading. In case 2, overloads were applied every 2500 loading
cycles. The specimen in the last case simply underwent CA fatigue loading, and no overload was
exerted on the specimen. On the one hand, the damage evolution rates of cases 1 and 2 are both
slower than that of case 3, which means that the overloading, regardless of a single overload or
multiple overloads, can decrease the damage evolution rate, and accordingly increase the fatigue life.
On the other hand, as illustrated in Figure 23, during the first 2500 loading cycles, the damage
evolution of cases 1 and 2 are identical because the same loading conditions were applied. After 2500
cycles, a second overload was applied in case 2, and a difference between the two cases was demon-
strated, as shown in Figure 23. The damage evolution rate of case 2 is a little slower than that of case
1. However, when a third overload was applied in case 2, a jump in the damage increment was
induced, thereby leading to the damage evolution rate keeping up with that of case 1. In the final
phase, the damage evolution rate of case 2 is slightly greater than that of case 1, which results in a
slightly shorter fatigue life. This implies that, although multiple overloads can increase the fatigue
life, a proper occurrence frequency of such overloads should be determined. This issue is described in
the following section.

Figure 22. Load spectrum of multiple overload case.
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To investigate the different effects between a single overload and multiple overloads, the variation
in longitudinal residual stress at the tip of the notch with respect to the number of cycles is presented
in Figure 24. It can be seen that each overload in the case of multiple overloads induces a new
residual stress, which slows down the damage evolution rate. However, at the later stage of fatigue,

Figure 24. Evolution of longitudinal residual stress for different cases.

Figure 23. Damage evolution of bottom notch for different cases.
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the benefit of this overload is wiped out by the increment of damage induced. Therefore, a
positive effect is not obvious at the later stage, and a detrimental effect may even be introduced,
as shown in Figure 23.

Effects of overload occurrence frequency. In this section, specimens undergoing multiple over-
loads with different occurrence frequencies are described. Several interval-loading cycles between
two overloads were selected for two different cases. For the first case, the interval cycles are 25, 50,
100, 400, 600, 800, 1000, 2500, 5000, and 10,000 cycles. For the second case, the interval cycles are
2500, 5000, 7500, 10,000, 20,000, 30,000, 50,000, 100,000, 150,000 and 250,000 cycles. For both cases
studied above, the maximum overload stress is 300MPa, and the stress amplitude of the fatigue
loading is 205.5MPa and 135MPa, respectively.

The predicted fatigue lives for the group in the first case corresponding to different occurrence
frequencies are shown in Figure 25. The abscissa axis represents the interval cycles between
overloads. It is clear that the overloads can increase the fatigue life, but when the number of
interval cycles is around less than 50, the fatigue life is even lower than the case without any
overloads. Thus, the overload frequency cannot be too high. It can also be inferred that when the
number of interval cycles is less than 1000, the multi-overloads have a strong influence on the
fatigue life. Figure 25 shows that when the number of interval cycles increases from 25 to around
700, the fatigue life rapidly increases from 2968 to the maximum value (about 12,500). The fatigue
life then decreases with an increase in the number of interval cycles. After the number of interval
cycles reaches greater than 1,000, the fatigue life nearly remains at a stable number of cycles,
i.e., around 9500.

The predicted fatigue lives for the group in the second case corresponding to different occurrence
frequencies are shown in Figure 26. When the number of interval cycles is less than 10,000, the effect
of an overload on the fatigue life is clear. Then, as the number of interval cycles increases, the
beneficial effect of the overloads slowly increases, and even decreases in the end.

Figure 25. Fatigue life corresponding to different overload frequencies.
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Conclusions

In this study, a continuum damage mechanics-based approach was proposed to analyse the effects of
overloading on the fatigue life of a notched specimen by considering the residual stress and plastic
damage. The relaxation of residual stress at the beginning stage, as well as the variation in residual
stress along with the damage evolution of the material, was also investigated. The influences of the
occurrence time of a single overload and the interval cycles between two overloads were discussed.
Some of the key findings can be summarized as follows:

(1) The elastic–plastic finite element implementation is an effective method to calculate the residual
stresses of a specimen. The change in fatigue life is mainly attributed to a variation in mean stress
of the cyclic loading, which is induced by a superimposition of the fatigue loading and residual
stresses.

(2) The damage evolution of a material has a clear effect on the relaxation behaviour of the residual
stress. When damage is not considered, the residual stress decreases during the first several
loading cycles and afterwards remains constant up to the failure of the specimen. However,
when the damage evolution is considered, the residual stress varies with four stages: rapid
relaxation, remaining constant, sluggish relaxation and attenuation to zero.

(3) For the cases studied in this paper, a single overload benefits the fatigue life of the specimen by
inducing a compressive stress on the notch surface, and this compressive stress increases along
with the increase in the magnitude of the overload.

(4) The occurrence time of an overload has a significant effect on the fatigue life of the specimen.
The best improvement is shown when the overload is exerted after a number of loading cycles,
and this beneficial effect is then reduced along with a further increase in the number of loading
cycles before the overload is exerted.

(5) For cases of multiple overloads, a new residual stress field in the critical area is introduced by
each overload. Accordingly, an overload has a positive effect on the fatigue life of a specimen.
However, when the total accumulation of damage is large, the overload may cause a large plastic

Figure 26. Fatigue life corresponding to different overload frequencies.
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strain, at which time, a negative effect will be induced. That is, an overload exerted during the
late stage of fatigue is detrimental.

(6) The occurrence frequency of overloading has a positive effect on the fatigue life. Initially, the
beneficial effect clearly increases as the number of interval cycles increases. Then, the improve-
ment in fatigue life begins to slow along with the further increase in the number of interval
cycles. Therefore, an optimum number of interval cycles exists for certain overloading and cyclic
loading amounts.
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